YETTER-DRINFELD MODULES OVER BOSONIZATIONS OF 
DUALLY PAIRED HOPE ALGEBRAS 

1. HECKENBERGER AND H.-J. SCHNEIDER 

Abstract. Let {R'^,R) be a dual pair of Hopf algebras in the category of 
Yetter-Drinfeld modules over a Hopf algebra H with bijective antipode. We 
show that there is a braided monoidal isomorphism between rational left Yetter- 
Drinfeld modules over the bosonizations of R and of R^ , respectively. As an 
application of this very general category isomorphism we obtain a natural proof 
of the existence of reflections of Nichols algebras of semisimple Yetter-Drinfeld 
modules over H . 



Introduction 

Let if be a Hopf algebra with bijective antipode over the base field k, and let 
(i?^, R) together with a bilinear form ( , ) : -R^ ® i? — )■ k be a dual pair of Hopf 
algebras in the braided category ^yD of left Yetter-Drinfeld modules over H 
(see Definition 12. 2p . The smash products or bosonizations R^^H and R^^H are 
Hopf algebras in the usual sense. We are interested in their braided monoidal 
categories of left Yetter-Drinfeld modules. By our first main result, Theorem 17. 11 
there is a braided monoidal isomorphism 

(0.1) : if#3^i^rat ^ iC'li'mat, 

where the index rat means Yetter-Drinfeld modules which are rational over R 
and over i?^ (see Definition 12.21) . In particular, {Q,u) maps Hopf algebras to 
Hopf algebras. For X G ^^j^yV^s^t, ^{X) = X as a Yetter-Drinfeld module over 
H. 

The origin of the isomorphism flO.ll) is the standard correspondence between 
comodule structures over a coalgebra and module structures over the dual alge- 
bra. In Theorem 15.51 we first prove a monoidal isomorphism between right and 
left relative Yetter-Drinfeld modules, and hence a braided monoidal isomorphism 
between their Drinfeld centers. Then we show in Theorem 16.51 that this isomor- 
phism preserves the subcategories of right and left Yetter-Drinfeld modules we 
want. Finally, in Theorem 17. II we change the sides to left Yetter-Drinfeld modules 
on both sides. Without this strategy, it would be hard to guess and to prove the 
correct formulas. 

Our motivation to find such an isomorphism of categories comes from the 
theory of Nichols algebras which in turn are fundamental for the classification 
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of pointed Hopf algebras. If M G HyD, the Nichols algebra B{M) is a braided 
Hopf algebra in ^yD which is the unique graded quotient of the tensor algebra 
T{M) such that M coincides with the space of primitive elements in B{M). 

A basic construction to produce new Nichols algebras is the reflection of semisim- 
ple Yetter-Drinfeld modules Mi © ■ ■ ■ © Mg, where 6 e N and Mi, . . . , are 
finite-dimensional and irreducible objects in ^yV. For 1 < i < e, the i-th 
reflection of M = (Mi, . . . , Me) is a certain ^-tuple Ri{M) = {Vi,...,Ve) of 
finite-dimensional irreducible Yetter-Drinfeld modules in HyT>. It is defined as- 
suming a growth condition of the adjoint action in the Nichols algebra B{M) of 
Ml © ■ ■ ■ © Me. The Nichols algebras B{Ri{M)) of Vi © ■ ■ ■ © l/g and B{M) have 
the same dimension. The reflection operators allow to define the Weyl groupoid 
of M, an important combinatorial invariant. In this paper we give a natural 
explanation of the reflection operators in terms of the isomorphism 

To describe our new approach to the reflection operators, fix 1 < i < 6*, and 
let Kf^ be the algebra of right coinvariant elements of B{M) with respect to the 
canonical projection B{M) — > B{Mi) coming from the direct sum decomposition 
of M. By the theory of bosonization of Radford-Majid, is a Hopf algebra 
in l^^^yV. To define Ri{M) we have to assume that Kf^ is rational as an 
i?-module. Let W = ad B (Mi) {®j^iMj) C B{M). Then W is an object in 
^^^yD^g^t, and by Proposition 18.61 its Nichols algebra is isomorphic to Kj^^ . This 
new information on K^ ^ is used to prove our second main result. Theorem 18. 9[ 
which says that 



where the braided monidal functor {Q, u) is defined with respect to the dual pair 
{B{M*),B{Mi)). The left-hand side of (IU.2p is the bosonization, hence a braided 
Hopf algebra in a natural way. In |AHS10l Thm. 3.12(1)] a different algebra 
isomorphism 



formally similar to (10.21) . was obtained. But there, the left-hand side is not a 
bosonization, and a priori it is only an algebra and not a braided Hopf algebra. 
This is the reason why the proof of (10. 3p was quite involved. The Hopf algebra 
structure of Kf'^^B{M*) induced from the isomorphism (10.31) was determined in 
[H5091 Theorem 4.2]. 

If R is an algebra and M is a right -R-module, we denote its module structure 
by /iff = : M ® R ^ M. If C is a coalgebra and M is a right C-comodule, 
we denote by = Sm '■ M ^ M ® C the comodule structure map. The 
same notations and will be used for left modules and left comodules. In 
the following we assume that is a Hopf algebra over k with comultiplication 
A = /S.H : H ^ H ® H, h \-> h{i) © h(2)i augmentation e = Eh, and bijective 
antipode S. 



(0.2) 



n{K!^)#BiM:) = B{Ri{M)), 



(0.3) 



Kf^#B{M*) = B{Ri{M)) 
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1. Preliminaries on bosonization of Yetter-Drinfeld Hope 

algebras 

We recall some well-known notions and results (see e.g. |AHS10t Sect. 1.4]), 
and note some useful formulas from the theory of Yetter-Drinfeld Hopf algebras. 

A left Yetter-Drinfeld module over if is a left if-module and a left if-comodule 
with ii-action and if-coaction denoted hj H ^ V ^ V, h ^ v ^ h ■ v, and 

6 = 6v '■ V ^ H ^V, ft-)- 6{v) = t>(_i) t>(o), such that 

(1.1) S{h ■ v) = /i(i)f(_i)5(/i(3)) (g) /i(2) ■ f(o) 

for aA\ V eV,h e H. 

The category of left Yetter-Drinfeld modules over H with if-linear and H- 
colinear maps as morphisms is denoted by ^y^- ^ monoidal and braided 
category. \i V,W & 3^^; then the tensor product is the vector space V ®W 
with diagonal action and coaction given by 

(1.2) h ■ {v ®w) = ■ V ® /i(2) ■ w, 

(1.3) 5{v ®w) = ® f (0) ® W(o), 

and the braiding is defined by 

(1.4) cv,w -.V ®W -^W ®V, V ®w ^ f(_i) • w (g) i;(o), 
with inverse 

(1.5) Cy\^ -.W ®V -^V ®W, w®v^ f(o) ® >S"^(f(_i)) ■ w, 

for aX\ h e H,v eV,w eW . 

The category yD^ is defined in a similar way, where the objects are the right 
Yetter-Drinfeld modules over H, that is, right H modules and right iJ-comodules 
V such that 

(1.6) 5{v ■ h) = f(o) ■ /i(2) ® 5(/i(i))f(i)/;,(3) 

for all V ^ V,h E H. The monoidal structure is given by diagonal action and 
coaction, and the braiding is defined by 

(1.7) Cv,W --V^W-^W^V, V^W 1(7(0) ® V ■ 1(7(1), 

for all V,W e yV^. 

We note that for any object V G ^J^'C, there is a linear isomorphism 

(1.8) ev -.V ^V, v^S{v(^-i))-v^o), 
with inverse 



(1.9) 



V ^V, v^S ^(f(-i)) •f(o)- 



4 I. HECKENBERGER AND H.-J. SCHNEIDER 

The map Oy is not a morphism in §yT>, but 

(1.10) ev{h-v) = s''{h)-ev{v), 

(1.11) 5{ev{v))=S\v(-i))®9v{vi^o)) 

for all f G V, /i G where 5{v) = ^(-i) ® t'(o). 

If A, B are algebras in ffyV, then the algebra structure of the tensor product 
A<Si B oi the vector spaces A,B is defined in terms of the braiding by 

(1.12) (a (g) b){a' (g) b') = a(6(_i) • a') (g) 6(o)6' 

for all a,a' e A and 6, 6' G B. 

Let be a Hopf algebra in the braided monoidal category ^yD with aug- 
mentation £/j : i? — )> k, comultiplication : R ^ R ® r i— )■ r*^^) t*^^\ and 
antipode Thus Er^^r^Sr are morphisms in ^yV satisfying the Hopf alge- 
bra axioms. The map Sr anticommutes with multiplication and comultiplication 
in the following way. 

(1.13) SR{rs) =cSR(r(_i) ■ s)5R(r(o)), 

(1.14) AR{SR{r)) =5^(r(i)(_i) ■ A'^) ® Sr{A'\o)) 
for all r,s E R. 

Let A — R^H be the bosonization of R. As an algebra, A is the smash product 
given by the if-action on R with multiplication 

(1.15) {r4h){T'4h') = r(/i(i) • rO#/i(2)/i' 

for all r, r' G R, h, h' G if. We will identify r#l with r and l#/i with /i. Thus 
we view R C. A and if C A as subalgebras, and the multiplication map 

R<S> H ^ A, r®h^rh^ r^h, 

is bijective. Since • denotes the iJ-action, we will always write ah for the product 
of elements a,b E A (and not a -b). Note that 

(1.16) /ir = (/i(i) • r)/i(2), 

(1.17) r/i = /i(2)(5-i(/i(i))T) 

for all r G -R, /i G H. As a coalgebra, A is the cosmash product given by the 
if-coaction of the coalgebra R. We will denote its comultiplication by 

A : A ^ A <^ A, ai->- a(i) <S> 0(2). 

By definition, 

(1.18) (r/i)(i) ® (r/i)(2) = r(iV(2Vi)^(i) ® r^^\o)h^) 
for all r G i?, /i G i?. Thus the projection maps 

(1.19) 7r: A^ H, r^^h ^ €R{r)h, 

(1.20) ^ : A^ R, ri^h^re{h), 
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are coalgebra maps, and 

A ^ H, at-)- i?(a(i)) (8) 7r(a(2)), 

is bijective. 

Then A = Rj^H is a Hopf algebra with antipode S = Sa, where the restriction 
of 5 to is the antipode of H, and 

(1-21) 5(r)=5(r(„i))5^(r(o)), 
hence 

(1.22) S'{r) = SU0R{r)) 

for all r & R. 

The map vr is a Hopf algebra projection, and the subalgebra i? C A is a left 
coideal subalgebra, that is, A{R) C A ® i?, which is stable under S"^. 

The structure of the braided Hopf algebra R can be expressed in terms of the 
Hopf algebra R^^H and the projection vr: 



(1.23) R = = {reA\ r(i) ® n{r^2)) = r ® 1}, 

(1.24) /i-r = /i(i)r5(/i(2)), 

(1.25) r(_i) O r(o) = 7r(r(i)) O r(2), 

(1.26) r(^) ® r(2) = r(i)7r5(r(2)) ® r(3), 

(1.27) Sn{r) = 7r(r(i))5(r(2)) 

for all G if, r G R. We list some formulas related to the projection {}. 

(1.28) i!}{a) = a(i)7r5(a(2)), 

(1.29) a = 7?(a(i))7r(a(2)), 

(1.30) r^i) ®r(^) = ^9(r(i)) ® r(2), 

(1.31) 79(a)« ® ^9(a)(2) = ^(a(i)) ® ^?(a(2)), 

(1.32) ^9(a)(-i) ® ^9(a)(o) = 7r(a(i)5(a(3))) ® i9(a(2)) 

for all r G -R, a G A. 



By fll.24p . the inclusion i? C A is an ii-linear algebra map, where the if-action 
on A is the adjoint action. By fll.311) and fll.32p . the map : A ^ R is an 
ii-colinear coalgebra map, where the if-coaction of A is defined by 

(1.33) A H ig) A, a 7r(a(i)S'(a(3))) ® a(2), 

that is, by the coadjoint if-coaction of A. 
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Finally we note the following useful formulas related to the behaviour of i!} with 
respect to multiplication. 

(1.34) -diah) = e{h)^{a), 

(1.35) -diha) = h-^{a), 
for aA\ h e H,a e A. 

Lemma 1.1. Let R be a Hopf algebra in HyT> and A = Rjj^H its bosonization. 
Then 

i)S {anS-'Mbii)) = ^95(6(2)) (tt (5(6(i))6(3)) ■ ^5(a)) , 
for all h & H and a,b ^ A. 
Proof. 

i?5(6(2)) (tt (5(6(i))6(3)) ■ ^5(a)) = ^5(6(3))7r (5(6(2))6(4)) ^5(a)7r5 (5(6(i))6(5)) 

= 5(6(2))7r(6(3))5(a(2))7r52(a(i))7r5 (5(6(i))6(4)) 

= ^(5(6(i))7r(6(2))5(a)) 

= i3S (a7r5-i(6(2))6(i)), 

where the second equality follows from f ll.29p applied to 5(6(2)) and fll.28p applied 
to S{a), and the third equality follows from (11.281) . □ 

It follows from f ll.22p and (11. 9p that the antipode Sr of R is bijective if and 
only if the antipode 5 of i? is bijective. In this case the following formulas hold 
for iS^^ and S^^. 

(1.36) S],\r)=S-\r^o))n_^)=^S-\r), 

(1.37) S-\rh) = S-\h)S],\r^o))S-\r^_^)) 
for all r, s G -R. 

2. Dual pairs of braided Hope algebras and rational modules 

The field k will be considered as a topological space with the discrete topology. 
We denote by Ck the category of linearly topologized vector spaces over k. Objects 
of £k are topological vector spaces which have a basis of neighborhoods of 
consisting of vector subspaces. Morphisms in are continuous k-linear maps. 

Thus an object in is a vector space and a topological space V, where the 
topology on V is given by a set {V^ C \/ | i g /} of vector subspaces of V 
such that for all i,j G / there is an index k & I with 14 ^ Vi CiVj. The set 
{Vi C 1/ I i G /} is a basis of neighborhoods of 0, and a subset U CV is open if 
and only if for all x G t/ there is an index i G / such that x + Vi U. 

In particular, a vector subspace U C V is open if and only if C f/ for some 
I G /. 
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Let V,W e Ck, and let {Vi C V \ i e 1} and {Wj C | j e J} be bases 
of neighborhoods of 0. Then a linear map f : V ^ W is continuous if and only 
if for all j J there is an index i E I with /(V^) C Wj. We define the tensor 
product V ®W as an object in £k with 

{Vi®W + V ®Wj\ elxJ} 

as a basis of neighborhoods of 0. 
Let R, i?^ be vector spaces, and let 

( , ) : R^ ®R^k, ^(^x ^ {C,x), 

be a k-bihnear form, li X C R and X' C R"^ are subsets, we define 

= e i?^ I x) = for all X e X}, 

X'^^{xeR \ (C, = for all ^ e X'}. 

We endow R^ with the /inzte topology (or the w;eaA; topology) , which is the coarsest 
topology on R^ such that the evaluation maps ( , x) : i?^ — )■ k, ^ i->- x), for all 
X E R are continuous. In the same way we view i? as a topological space with the 
finite topology with respect to the evaluation maps ) : ^ k, x ^ 
for all CeR"". 

Let £ he a, cofinal subset of the set of all finite-dimensional subspaces of R 

(that is, is a set of finite-dimensional subspaces of R, and any finite-dimensional 
subspacc E C R is contained in some Ei E £). Let S' be a cofinal subset of the 
set of all finite-dimensional subspaces of R"^ . Then i?^ and R are objects in C^, 
where 

{^E\Ee £} and {E'^ \ E' e £'} 

are bases of neighborhoods of of R^ and R, respectively. 

The pairing ( , ) is called nan- degenerate if ^R — and i?^"*" = 0. Let E E E, 
and assume that ^R = 0. Then 

E^{Ry^E)\ x^(^^{^,x)), 

is injective. Since 

R^^E^E*, e^(x^(e,x)), 
is injective by definition, it follows that 

(2.1) Ry^E^E*, ), 
is bijective. By the same argument, for all E' E £rv 

(2.2) R/E'^ ^ E'*,x^ {,x), 

is bijective, if i?^^ = 0. 

If V, W are vector spaces, denote by 

Homrat(i?'^ ® V, W) (respectively Hompat(^ ® R"^ ,W)) 
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the set of all linear maps g : ®V^W (respectively g : V ® — t- W) such 
that for all f G there is a finite-dimensional subspace E (1 R with g{-^E®v) = 
(respectively g{y ® ^E) = 0). 

Lemma 2.1. Let ( , ) : R"^ ® R k be a non-degenerate k-bilinear form of 
vector spaces, and let V, W be vector spaces. Then the following hold. 

(1) The map 

D : Hom(V, R^W)^ Rom,^t{R'' (^V,W), / ^ (( , ) ® id)(id ® /), 

is bijective. 

(2) The map 

D' : Hom(V, R®W)^ ^om,^t{V (^R'^^W), / ^ (id (g) ( , ))r(/ ® id), 

is bijective, where t: R^W^R'^^W^ R"^ ^ R is the twist map with 
t{x w ^ C.) = w ^ <S) X for all X e R,w e W, e R^ . 

Proof. (1) For completeness we recall the following well-known argument. 

Let / e Hom(V,i? (g) W), and g = D(/). For all v e V there is a finite- 
dimensional subspace E (1 R with /(t>) G -E ® W, hence g{^E (g) t>) = 0. Thus 
^GHomrat(i?^®l^,W^). 

Conversely, let g G Homrat(-R^ ® ^jW^)- For any finite-dimensional subspace 
U ^ V there is a finite-dimensional subspace E C R with g{^E (g f/) = 0. Let 
5f(7,£; G Hom(i?'^/-^E(g)f/, W) be the map induced by g, and G Hom(?7, E^W) 
the inverse image of gu,E under the isomorphisms 

Hom([/, E^W)^ Rom{E* ®U,W)^ Rom{R'' /^E ®U,W), 

where the first map is the canonical isomorphism, and the second map is induced 
by the isomorphism in fl2.ip . 

If E' is a finite-dimensional subspace of R containing E, then 

fuM^) = fu,E'{v) for all v eU. 

Hence fu G Hom([/, R ® W), defined by fuiv) = fu,E{v) for all v E U, does not 
depend on the choice of E. 

Since fu' \ U = fu for all finite-dimensional subspaces U C t/' of V, the inverse 
image D^^{g) can be defined by the family (fu)- 

(2) follows from (1) since the twist map V ® R"^ — )■ -R^ (g) V defines an isomor- 
phism Rom.^tiR^ ^V,W)^ Homrat(V^ ® R^ , W). □ 

Let R, i?^ be Hopf algebras in the braided monoidal category ^^^i let 

( , ) -.R" ®R^K i®x^ {i,x), 

be a k-bilinear form of vector spaces. 

Definition 2.2. Assume that there are cofinal subsets £r (respectively £^_rv) 
of the sets of all finite-dimensional vector subspaces of R (respectively of R^) 
consisting of subobjects in ^yV. 



YETTER-DRINFELD MODULES 9 

Then the pair {R, R^) together with the bihnear form ( , ) : -R^ i? — > k is 
called a dual pair of Hopf algebras in ^ yV if 



(2.3) ( ! ) is non-degenerate, 

(2.4) (/i-e,x) = (e,5(/i)-x), 

(2.5) ^(_i)(^(o),a;) = 5~^(x(_i))(^, a;(o)), 

(2.6) {i,xy) = {^^'\y){^^'\x), {l,x)=e{x), 

(2.7) (er7,x) = (e,x(2))(r/,x«), (e, 1) = ^(0, 

(2.8) A^v : R"^ ^ R"^ R"^ is continuous, 

(2.9) Aij : i? — 7- i? ® i? is continuous 



for all x,y G R, ^,ri G R^ and h G H. 

A left or right -R^-module (respectively -R-module) M is called rational if any 
element of M is annihilated by '^E (respectively E'-^) for some finite-dimensional 
vector subspace E C R (respectively E' C i?^). 

Lemma 2.3. Let {R, i?^) together with ( , ) : -R^ (g)-R — )■ k 6e a dwa/ j>azr of Hopf 
algebras in ^J^'P. T/ien for all x E R, C, G i?^ anc? for all E G E' G £^_rv, 

(2.10) (5Rv(0,x) = (e,5^(x)), 

(2.11) ^E C anc? E'^ C are subobjects in gyV. 

Proof. The vector space Hom(i?^, i?*°P) is an algebra with convolution product. 
We define linear maps ipi,(p2,'^ G Hom(i?^, R*°^) by 

^i(0(a;) = (^,5^,(3^)), MOi^) = ('5iiv(0,x), 7A(0(x) = 

for all ^ G i?^, X G i?. Then by O and ([22D the unit element in Hom(i?^, i?*°P) 
is equal to (fi * ip and also to ■i/' * (f2- Hence ipi = ip2- 

drrPf follows from ([23]) and ([23]). □ 

Note that the bilinear form ( , ) : -R^ (g) i? — )■ k is a morphism in ^ yV if and 
only if (12. 4p and (12.51) are satisfied. 

The continuity conditions (12. 8p and (12. 9p are equivalent to the following. For 
all E E £r and E' G E^j there are Ei G and E[ G E^j such that 

Aijv (^Ei) <Z^E®R'' + R^ ® ^E, Ar{E[-^) C E'^ ® R + R® E'^. 

By (12. ip and (12.20 . rational modules over R or i?^ are locally finite. Recall 
that a module over an algebra is locally finite if each element of the module is 
contained in a finite-dimensional submodule. 

Example 2.4. Let i?^ = ©n>o-R'^('^) and R = ©„>o-R(n) be No-graded Hopf 
algebras in ^yD with finite-dimensional components {n) and R{n) for all 
n > 0, and let ( , ) : i?^ ® -R — )■ k be a bilinear form of vector spaces such that 

(2.12) (R'^im), R{n)) = for all n ^ m in Nq. 
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Assume (Q - ( 12^1) . 

For all integers n > we define 

Then the subspaces J-'nR ^ i?, n > 0, and J^nR^ ^ R"^ ,n > 0, form cofinal 
subsets of the set of all finite-dimensional subspaces of R and of R"^ consisting of 
subobjects in §yV. For all n > 0, let 

r'R = ®i>nR{i), J'^'R'' = (SrynR'^ii). 

Then by fl^TT^ and ([23]), for all > 0, 

(2.13) ^{J'n-iR) = r^R\ iJ'n^iR'')^ = r^R- 

Since the coalgebras i?^ and R are No-graded, it follows that 

A^jv ( J-^n^^V) ^ jrn^y ® i?^ + i?^ ® Ar( ^ jr"^^ ® i? + i? ® 

for all n > 0. Thus and A/jv are continuous. 

Hence the pair (i?, i?^) together with the bilinear form ( , ) is a dual pair of 
Hopf algebras in ^ yV. Moreover, the remaining structure maps of i?^ and of i?, 
that is multiplication, unit map, augmentation and antipode, are all continuous, 
since they are No-graded. Here, the ground field is graded by k(0) = k, and 
k(n) = for all n > 1. 

Since -R(O) is a finite-dimensional Hopf algebra in ^yT^, the antipode of -R(O) 
is bijective by |TakOOl Proposition 7.1]. Hence the Hopf subalgebra J-'oRj^H of 
Rjj^H has bijective antipode by fll.22p and (11.91) . The filtration 

is a coalgebra filtration, and by the argument in [HS091 Remark 2.1], the an- 
tipodes of Ri^H and of R are bijective. The same proof shows that the antipodes 
of K^^H and of i?^ are bijective. 

Let (i?, Ry) together with ( , ) : i?^ (g) i? — )• k be a dual pair of Hopf algebras in 
fjyT^- We denote by ^(^3^1^) the category of left i?-comodules in the monoidal 
category ^3^1^, and by R-^ {.h xa.t category of left i?^-modules in ^yV 
which are rational as i?^-modules. 

Proposition 2.5. (1) For all M e ^{SyV) let D{M) = M as an object in 
^y^ with R"^ -module structure given by 

= (^,m(„i))m(o) 

for allC, G -R^, m G M, where the left R-comodule structure of M is denoted 
by 6M{m) = m(_i) ® m(o>. Then D{M) e R^i^yV)^^^. 
(2) The functor 

mapping M G ^{Hy^) onto D{M), and with D{f) = f for all morphisms 
in ^{^yV), is an isomorphism of categories. 
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Proof. This follows from Lemma 12.11 together with (12 ■4p - (12. 7p . □ 

Lemma 2.6. The trivial left Rj^H -module k is rational as an R-module (by 
restriction) . Let V, W be left R^H -modules, and V ®W the left R^H -module 
given by diagonal action. IfV and W are rational as left R-modules, then V 
is a rational R-module. 

Proof. The trivial i?-module k is rational since for all x G (kli^v)-*-, 

xlk = e{x) = (l/jv,x) = 

by HMD. 

To prove that V^W is rational as an i?-module, let v E V, w E W. It is enough 
to show that E-^{v <^ w) = for some E G £r^. Since V and W are rational 
i?-modules, there are Ei, E2 G Sr^ with E^v = 0, E2W = 0. Let E3 G £r^ with 
E1 + E2C E3. Then Ei^v = 0, E^w = 0. By (EH) there is a subspace E G £r^ 
such that 

(2.14) Ar{E^) C E^ ® R + R0 E^. 
Let r G E^. Then by (fLTSD . 

(2.15) r{v ®w) = r^^'>r^'^\^i)V (g) r^^\o)W. 

We rewrite the first tensorand on the right-hand side in (12.151) according to the 
multiplication rule (I1.17P for elements in Rjj^H. Then the equality r{v ®w) =0 
follows from (EHj), ( 12151) and (12111) . □ 

Lemma [231 also holds for i?^ instead of R using (12.71) and (12.81) instead of (12. 6p 
and ([21]). 

Lemma 2.7. Assume that the antipodes of R and of R"^ are bijective. Define 
( , y : R0 R"" by 

(2.16) {x,0'={^,S'ix)) 

for all X & R,^ G -R^, where S is the antipode of R^H . Then [R^ .,R) together 
with ( , )' : R® — )■ k zs a dual pair of Hopf algebras in ^y^- 

Proof. Using (02D, dOD - dSD for ( , )' are easily checked. 

We denote by ± (respectively _L') the complements with respect to ( , ) (re- 
spectively to ( , )'). 

To prove (12. 8p for ( , )', we note that by (I2.16P for all finite-dimensional 
subspaces E C R^ E-^ = ■^{S^{E)). By assumption and (ll.22p . induces an 
isomorphism on R. Hence the weak topologies of R"^ defined with respect to ( , ) 
and to ( , )' coincide, and ( 12. 8 p for ( , )' follows. 
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To prove (12. 9p for ( , )', we again show that the weak topologies of R defined 
with respect to ( , ) and to ( , )' coincide. For all x G -R, ^ G , 

= (e,5^(5(x(_i))-X(o))) (by (II221)) 

= (5^v(0,5(x(_i))-a;(o)) {hj 
Hence for all Ei G £^ijv, 

^'^1 = {xeR\ ■ X(o) G {Sl.{E,))^} 

where the second equality follows from fll.9p and (12. lip . This proves our claim, 
since {i5^v (Ei) \ Ei G £^_rv } is a cofinal subset of Srv by the bijectivity of Srv . □ 

3. Review of monoidal categories and their centers 

Our reference for monoidal categories is |Kas95] . where the term tensor cat- 
egories is used. Let C and V be strict monoidal categories, and F : C — )■ P a 
functor. We assume that E{I) is the unit object in P. Let 

if = {<fx,Y : F{X) ® F{Y) ^ F{X ® Y))x,Yec 

be a family of natural isomorphisms. Then [F, if) is a monoidal functor if for all 
U,V,W eC 

(3.1) (pi,u = idF(c/) = ^u,i, 

and the diagram 

F{U) ® F{V) O F{W) i^^:^ F{U) ® F{V O W) 



(3.2) 93jjv®id 



F{U ®V)(^F{W) ^E^X:^ F{U®V®W) 

commutes. A monoidal functor [F, if) is called strict if = id. If C and P are 
strict braided monoidal categories, then a monoidal functor [F, ip) is braided if 
for all X, y G C the diagram 

F{X)^F{Y) F{X^Y) 



(3.3) Cp(x),F(Y) 



F(cx,y) 



F{Y)®F{X) F{Y®X) 

commutes. A monoidal equivalence (respectively isomorphism) is a monoidal 
functor (F, </)) such that F is an equivalence (respectively an isomorphism) of 
categories. Recall that a functor F : C — )■ P is called an isomorphism if there 
is a functor G : "D — )■ C with FG = idx) and GF = idc. A braided monoidal 
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equivalence (respectively isomorphism) is a monoidal equivalence (respectively 
isomorphism) [F, if) such that {F, if) is a braided monoidal functor. 

If {F,ip) : C — > P and (G, ip) : V ^ £ are monoidal (respectively braided 
monoidal) functors, then the composition 

(3.4) (GF, \):C^£, Xx,Y = G{^x,Y)Mx),FiY), for all X,YeC, 

is a monoidal (respectively braided monoidal) functor. 

Let {F, (p) : C — P be a monoidal isomorphism of categories with inverse 
functor G : V ^ C. Then {G, ip) is a monoidal functor with 

(3.5) ^u,v = Gi^GiuiGiv))'' ■ G{U) ® GiV) ^ G{U ® V) 

for all U,V eV. 

For later use we note the following lemma. 

Lemma 3.1. Let C,V and 8 he strict monoidal and braided categories, and F : 
C ^ V a functor. Let {G, ip) : V ^ S and {GF, X) : C ^ £ he braided monoidal 
functors. Assume that the functor G is fully faithful. Then there is exactly one 
family if = {<fx,Y)x,YGC such that {F, ip) is a braided monoidal functor and 

{GF,X) = iC^V^£). 

Proof. Since G is fully faithful, for all X,Y E C there is exactly one morphism 
^x,Y ■■ F{X) O F{Y) F{X (g) Y) with Ax,y = G'((^x,y)^F(x),F(y)- Then one 
checks that (F, (p) is a braided monoidal functor. □ 

We recall the notion of the (left) center Z{C) of a strict monoidal category C 
with tensor product ® and unit object / (see |Kas95t XIII. 4], where the right 
center is discussed). Objects of Z{C) are pairs (M, 7), where M G C, and 

7=(7x:M®X^X® M)xec 
is a family of natural isomorphisms such that 

(3.6) '-fx®Y = (idx ® 1y){1x ® idy) 

for all X,Y eC. 
Note that by ([SSD 

(3.7) 7/ = idM 

for all (M,7) e Z{C). 

A morphism / : (M, 7) — (A^, A) between objects (M, 7) and (A^, A) in Z{C) is 
a morphism f : M N in C such that 

(3.8) (idx®/)7x = Ax(/®idx) 

for all X E C. Composition of morphisms is given by the composition of mor- 
phisms in C. The category Z{C) is braided monoidal. For objects (M, 7), (A^, A) 
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in Z{C) the tensor product is defined by 

(3.9) (M, 7) ® {N, A) = (M ® N, a) , 

(3.10) CTx = (7x ® idiv)(idM <8) Ax) 

for all X e C. The pair (/, id), where id^ = id/^x for all X e C, is the unit in 
Z{C). The braiding is defined by 

(3.11) 7^ : (M, 7) (g) {N, A) ^ (TV, A) ® (M, 7). 

We note that a monoidal isomorphism (F, (/?) : C — > "D defines in the natural 
way a braided monoidal isomorphism between the centers of C and T>. For all 
objects (M, 7) e C let 

(3.12) F^(M,7) = (F(M),7), 

and for all X e C, the isomorphism 7f(x) is defined by the commutative diagram 



F(M)®F(X) F{X)®F{M) 



(3.13) 



F{M®X) F(X®M). 



For morphisms / in Z(C) we define F^(/) = F(/). For (M, 7), (AT, A) e Z(C) let 
(3.14) 

Then the next lemma follows by carefully writing down the definitions. 
Lemma 3.2. Let {F, ip) : C ^ V be a monoidal isomorphism. Then 

{F^,^^):Z{C)^Z{V) 

is a braided monoidal isomorphism. 

Finally we note that we may view the categories of vector spaces and of mod- 
ules or comodules over a Hopf algebra as strict monoidal categories since the 
associativity and unit constraints are given by functorial maps. 

4. Relative Yetter-Drinfeld modules 

In this section we assume that B, C are Hopf algebras with bijective antipode, 
p : S — > C is a Hopf algebra homomorphism, and TZ C ^M. is a full subcategory 
of the category of left S-modules closed under tensor products and containing 
the trivial left S-module k. 

Definition 4.1. We denote by QyV-n the following monoidal category (depend- 
ing on the map p). Objects of gyV-ji are left 5-modules and left C-comodules 
M with comodulc structure 5:M^C®M, mi-^ "^(-1) such that M e 7^ 

as a module over B and 

(4.1) 5{bm) = p(6(i))m(_i)p5(6(3)) (g) 6(2)^(0) 
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for all m G M and b G B. Morphisms are left i?-linear and left C-colinear maps. 

The tensor product M ^ N of M, N G ^yV-ji is the tensor product of the 
vector spaces M, N with diagonal action of B and diagonal coaction of C. 

We define ^3^1^ = ^yV-ji, when 71 = b-M. is the category of all 5-modules. 
The full subcategory of consisting of all objects M G if 3^1^ with M e TZ 

-B-module is denoted by ^y^Ti- 

The Hopf algebra map p : B ^ C defines a functor 

(4.2) ) : iyv l^yv, 

mapping an object M G 3^^^ onto ''M, where = M as a 5-module, and 

where is a C-comodule by M ^ B ^ M C(S)M. 
Let 

(4.3) $ : iyVT^ ^ ZiEyVn) 
be the functor defined on objects M G §^^11 by 

(4.4) <l>(Af) = (^M, Cm), cm,x :M(g)X^X(8)M, mOxf-^ m^_i)X ® m(^o), 

for all X G ^yV-ji, where M B ® M, m i— )■ ® ""^(o), denotes the B- 

comodule structure of M. We let $(/) = / for morphisms / in gyT>Ti. It is easy 
to see that $ is a well-defined functor. 

We need the existence of enough objects in ^yV-ji. 

Definition 4.2. The category ^yD-ji is called B-faithful if the following condi- 
tions are satisfied. 

(4.5) For any ^ 6 G 5, 6X ^ for some X G ^ 3^p7^. 

(4.6) For any 7^ t G 5 (g) B, t{X ® F) ^ for some X, F G Ey^^n- 

Examples 4.3. (1) Let B be the left i?-module with the regular representation, 
and the left C-comodule with the coadjoint coaction 

(4.7) B^C®B,h^ p{b^i)Sib^^))) 6(2). 

Then B is an object in ^yV. Since bB ^ 0, t{B O fi) ^ for all ^ 6 G B, 
7^ t G 5 ® 5, the category ^yV is 5-faithful. 
(2) Let 

= Rin) 

nSNo 

be an No-graded Hopf algebra in ^y^y ^ — ^H^H the bosonization. We 
define with respect to the Hopf algebra map tt : A H. As in (1), A with 

the regular representation and the coadjoint coaction with respect to vr defined 
in (14. 7p . is an object in ^y^- The if-coaction Sa '■ A ^ H A can be computed 
explicitly as 

^Airh) = r(_i)/i(i)5(/i(3)) ®r(o)/i(2) 
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for all r G -R, /i G H. Hence it follows that for all n > 0, 



i>n 



is an ideal and a left if-subcomodule of A G a^^- Note that 



(4.8) Pi J^"A = 0, Pi (J^"A ®A + A® J''' A) = 0. 




Thus Ay^n is A-faithful for all full subcategories 71 of aM. such that A/ J'"' A G 
AyT^Ti for all n > 0. Note that for all n > 0, A/J"^A as an i?- module is 
annihilated by ©j>„i?(z). 

Proposition 4.4. Assume that ^yD-ji is B-faithful. 

(1) The functor ^ : gyD-ji Z^^yV-ji) is fully faithful, strict monoidal and 



(2) Let (M,7) G Zi^^yV-p) with comodule structure 5m ■ M ^ C ® M. 
Assume that there is a k-linear map 6m : M ^ B ® M , denoted by 
5M{fn) = "^[-1] ® m[o] for all m G M, with 



for all X G J^3^p7^, x e X and m e M. Then the map 6m is uniquely 
determined. Let M = M as a B-module. Then M G ^yVTi with B- 
comodule structure 6m, and $(M) = (M, 7). 

Proof. (1) It is clear from the definitions that $ is strict monoidal and braided, 
see ([LTD, (13TTD and (|13D- To prove that $ is fully faithful, let M, iV G ^yV, 
and / : $(M) <I>(A^) a morphism in Z^^yVn). In particular, f : M N is a 
left 5-linear and left C-colinear homomorphism. We have to show that / is left 
i?-colinear. Let X G ^yV-ji, m & M and x G X. Then 

(4.11) /(m)(_i)X (g) /(m)(o) = m(_i)X (g) /(m(o)), 

since / is a morphism in Zi^^yV-ji). It follows from (14. lip and (14. 5 p that 

/("^)(-i) ® /(m)(o) = m(_i) (g) /(m(o)) 

in 5 (g) M for all m G M, that is, / is i?-colinear. 

(2) The map 6m is uniquely determined by (14. 5 p and (14. 9p . We have to show 
that M is a i?-comodule with structure map 6m, and that M G iyV-i^ with 
comodule structure 6m and the given _B-module structure. 



braided. 



(4.9) 
(4.10) 



7x('"^ (g) a;) 
5a/ 



m[_i]X (g) m[o] 

(p (g) ldM)6M, 
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Let X, r G ^yVn, X e X,y eY andme M. By (TO . 

A(m[_i])(x (g) ?/) (8)m[o] = m[__i]X (g> m[o][_i]?/ ® m[o][o]- 

Hence is coassociative by f l4.6p . Let k G sy^Ti the trivial object. Then 
by (1321), 

1 (g) m = 7ik(m 1)= m[_i]l ® m[o] = 1 (g) e(m[_i])m(o) 

for all m G M. Hence the comultiplication 5m is counitary. 
For all X G ^'yV-ji, the map 7x is 5-linear. Hence 

(6(i)m)[_i]6(2)a; (g) (&(i)m)[o] = 6(i)m[_i],T (g) 6(2)m[o] 

for all 6 G 5, m G M and X G X. Hence M G # 3^p7^ by (USD- 

Finally $(M) = (M,7) by (US} and (H:TUD . □ 

Remark 4.5. In general, $ : J^3^'E'-r, — ?■ Z{^yT>'ji) is not an equivalence. How- 
ever, in the case when C = k and p = e, hence — b-M, it is well-known 
(compare |Kas95] XIII.5) that $ : ~^ Z{b-M) is an equivalence. Indeed, 
let (M, 7) G Z{BAi)- Define m[_i] (g m^o] = 7b(^ (g 1) for all m G M, where 
the -B-module structure of 5 G b-M is given by multiplication. Then for any 
X G B-M. and x G X there is a 5-linear map f : B ^ X with /(I) = x, and 
'Jx{fn <g x) = m[_i]X (g m[o] by the naturality of 7. This proves (14. 9p . Similarly, 
(I4.10p follows by considering the trivial i?-module k and the 5-linear map e. 
Moreover, b-M. is i?-faithful by Example 14.31 (1). Thus in this case the assump- 
tion in Proposition 14.41 is always satisfied. 

Definition 4.6. We denote by the monoidal category whose objects are 

right 5-modules and right C-comodules M with comodule structure denoted by 
(5:M— >M(gC, m m(o) (g ^(-1), such that 

(4.12) 6{mb) = m(o)6(2) (g 5(p(6(i)))m(i)p(6(3)) 

for all m G M and b E B. Morphisms are right S-linear and right C-colinear 
maps. 

The tensor product M(giV of M, N G yD^ is the tensor product of the vector 
spaces M, N with diagonal action of B and diagonal coaction of C. The monoidal 
categ ory yV^ is braided by ffTTD . 

We define a functor 

(4.13) ^ : yv^^ -> z{yv^) 

on objects M G yV^' by 

(4.14) ^(M) = (Mp , Cm), cm,x '■ M (g X — )■ X (g Af, m (g a; )■ ^(o) (g 

for all X G J^I^b , where Mp is M 5-module via p. We let "^{f) = f for 
morphisms / in yU^ . 
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Example 4.7. Let C be the regular corepresentation with right C-comodule 
structure given by the comultiplication of C. We define a right 5-module 
structure on C by the adjoint action, that is 



for all c G C, 6 G -B. Then C is an object in yD^ . 

Proposition 4.8. (1) The functor ^ : yV^ Z{yV^) is fully faithful, 
strict monoidal and braided. 
(2) Let {M,-f) G Z{yVl^) with module structure hm ■ M ® B ^ M . Assume 
that there is a k-linear map JIm : M ®C ^ M such that 

(4.16) '^x{ni ® x) = X(o) ® JiMifn ® 

(4.17) /iA/ = /ilf(id(g)p) 

for all X G yT)^,x G X and m G M. Then the map JIm is uniquely 
determined. Let M = M as a C-comodule. Then M G yT>^ with C- 
module structure JIm, and \1/(M) = (M, 7). 

Proof. (1) Again it is clear that \l/ is strict monoidal and braided. To see that \1/ is 
fully faithful, let M,N e yV^ and / : ^(M) ^ ^(A^) a morphism in Z{yV^'). 
We have to show that / is rig ht C-hnear. Let X = C g yV^ in Example KH 
Since / is a morphism in Z(yT)^), 

(g) /(mx(2)) = a;(i) O f{m)x^2) 

for all a; G C, m G M. By applying £ id to this equation it follows that / is 
right C-linear. 

(2) Let C G yV^ as in Example 14.71 Then {e (g> id) 7c = /xm- Hence hm is 
uniquely determined. Let X = F = C g yV^. By 

® 1/(1) ® yUAf (m (g) X(2)t/(2)) = ^(i) (g) ^(i) (g //^/(/"^./(m (g ^(2)) (g y(2)) 

for all x,y E C,m & M. By applying e (g e (g id it follows that JIm is associative. 
By (13. 7p . JIm is unitary. We will write mc = JiMijn (g c) for all m G M, c G C 
Since 7c is right C-colinear, 

(g (ma;(3))(o) (g X(2)(mx(3))(i) = a;(i) (g m(o)a;(2) (g m(i)X(3) 
for all X G C, m G M. By applying e (g id it follows that M G yV^ ■ 



We fix an odd integer Z, and assume that the antipodes of B and C are bijective. 
Let M G 3^I^J^ with C-comodule structure 5m ■ M — )■ M®C, m ^ m(o)(gm(i). 
We define an object Si{M) G ^3^^^ by Si{M) = M as a vector space with left 



(4.15) 



c<b = p5(6(i))cp(6(2)) 



Finally *(M) = (M,7) by (KWf and fHTTD . 



□ 
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i?-action and left C-coaction given by 

(4.18) bm = mS-^{b), 

(4.19) Ss,(M)im) = >S'(m(i)) O m(o) 

for all 6 G -B, m G M. For morphisms / in we set Si{f) = f. 

Let M G with comodule structure Sm '■ M ^ C <^ M, m i— > (8)m(o). 

We define ^^"^(M) = M as a vector space with right i?-action and right C- 
coaction given by 

(4.20) mb = S\b)m, 

(4.21) ^sr\M)i^) = ® '5"'(m(_i)) 

for all 6 G -B,m G M. For morphisms / in we set Sf'^{f) = f. 

Lemma 4.9. Let I be an odd integer, and assume that the antipodes of B and C 
are bijective. 

(1) The functor Si : yV^ — > ^yV mapping an object M G onto 
Si{M), and a morphism f onto f , is an isomorphism of categories with 
inverse Sf^. 

(2) LetB = C = H, and p = id^^. Then {Si, cp) : yV^ ^ ^yV zs a braided 
monoidal isomorphism, where ip is defined by 

ipM,N : SiiM) ® SiiN) -^SiiM^N), 

m^rih^ m5~"^(n(i)) (g) n(o) = iS""^(n(_i))m (g) n(o), 

for all M,N e yV^. 

The inverse braided monoidal isomorphism is {Sf^, ijj) : — t- yV^ , 
where ip is defined by 

^M,N : Sr\M) ® Sr\N) Sf\M ® N), 

m®n^ n(_i)m ® r;,(o) = mn(i) ® n(o), 

for allM,N e ^yV. 
Proof (1) Let M G yV^. Then Si{M) G ^yV since for all m G M, 6 G S, 

5s,{M)ibm) = 6s,(M){mS-^{b)) = (p55"'(6(3))m(i)p5-'(6(i))) ® m(o)5"'(6(2)) 

= P(^(l))'5'(m(i))5p(6(3)) (g) 6(2)^(0). 

Thus S"; is a well-defined functor. Similarly it follows that S';~^ is a well-defined 
functor. 

(2) is shown in |AG99l Proposition 2.2.1, 1.] for I = -1. □ 

Remark 4.10. In general, it is not clear whether the functor Si in Lemma 1^9] is 
monoidal. This is one of the reasons why in the proof of our braided monoidal iso- 
morphism of left Yetter-Drinfeld modules given in Theorem 17. II we have to change 
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sides starting in Theorem 15.51 with a monoidal isomorphism between relative right 
and left Yetter-Drinfeld modules. 



5. The first isomorphism 

Definition 5.1. Let i? be a Hopf algebra in ^yD. 

We denote by ^*HyV and yV^*^ the categories ^^^J^D and yV^*^ in 
Definition 14.11 and 14.61 with respect to the inclusion H C R^H as the Hopf 
algebra map p. 

We denote by j^^/f yV the category j^^^ yV in Definition 14.11 where p is the 
Hopf algebra projection vr : Rjj^H — )■ if of R^H. 

Assume that {R, i?^) together with ( , ) is a dual pair of Hopf algebras in 
with bijective antipodes. Then the antipodes of Ri^H and of R^^H are bijective 
by (OlD and ([19]). We denote by Rv#f ^I^rat (respectively ^^^"yV^^^) the full 
subcategory of objects of j^v^HyV (respectively of fiv^fj yD) which are rational 
as i^'^-modules by restriction. The full subcategories of ^^^yV (respectively of 
yT^R^u) consisting of objects which are rational over R will be denoted by 
S*Hy^rat (respectively rat3^'Pj?#H )■ 

Lemma 5.2. Let R be a Hopf algebra in gyV, and let ji{^yV) be the category 
of left R-modules in the monoidal category ^yD. 

(1) Let M G n^^y^- Define Vi(M) = M as a vector space and as a left H- 
and a left R-module by restriction of the Rj^H -module structure. Then 
Vi{M) G with the given H-comodule structure, and the multiplica- 
tion map R® M ^ M is a morphism in ^y^- 

(2) The functor 

mapping objects M G Vi{M) and morphisms f to f , is an iso- 

morphism of categories. The inverse functor maps an object M G 
R{§yD) onto the vector space M with given H-comodule structure and 

R4fH -module structure Rj^H M R(g)M ^ M. 

Proof. It follows from the definition of the smash product that M is a left Rjj^H- 
module if and only if /if^ is ii-linear. 

The set of all elements a G Rjj^H satisfying the following Yetter-Drinfeld con- 
dition 

(5.1) 5" {am) = 7r(a(i))m(_i)7r5(a(3)) a(2)m(o) 

for all m G M and a G Rj^H, is a subalgebra of Rjj^H . Hence (15.11) holds for all 
a G Rij^H and m G M if and only if (ISTT]) holds for all m G M and a e RU H. 
Note that (15.11) for all m G M and a G ii is the Yetter-Drinfeld condition of 
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ijyT^-, and ( 15. ip for all m G M and a & R says that /if^ is i7-colinear, since for 
all a E R, a(i) a(2) 0.(3) G R^^H R^^H i?, hence 

0(1) (8) a(2) (8) 7r5(a(3)) = a(i) (g) a(2) ® 1. 

This proves the Lemma. □ 

Lemma 5.3. Let R be a Hopf algebra in ^yD, and let ^{^yV) be the category 
of left R-comodules in the monoidal category ^y^- 

(1) Let M e ^*"yV with comodule structure 5m ■ M Rjj^H ® M. Define 
V2(M) = M as a vector space with left H -comodule structure and left 
R- comodule structure given by 

= ® idM)5M, 5m = ® idM)SM- 

Then V2(M) G '"'^^^ H- comodule structure 6^^ and the given H- 

module structure, and 5^.j : M ^ R ® M is a morphism in nyD. 

(2) The functor 

V2:''*Hyv^\Syv) 

mapping objects M G V2(M) and morphisms f to f , is an iso- 

morphism of categories. The inverse functor V.^^ maps an object M G 
^iSy^) onto the vector space M with given H -module structure and 

Rj^H- comodule structure M ^ R®M ^ Rj^H ® M. 

Proof. This is shown similarly to the proof of Lemma 15.21 □ 

For later use we note a formula for the right i?7^if-comodule structure of a left 
i?#if-comodule defined via iS~^. 

Lemma 5.4. Let R be a Hopf algebra in ^yD with bijective antipode, M a left 
H -comodule with H-coaction 5^ : M H ® M, m 1— (g) m(o), and 

: M ^ RiS) M, m(_i) (g) m(o) 

a linear map. Define 5 : M — )■ Rjj^H ® M , m "^[-1] ^"^[0]) by 6 = {id^ 6^)6^ . 
Then 



(0) 



(5.2) 'dS ^(m[_i]) (g) m[o] = (s ^(m(o)(_^p ■ "^(-i>) ® "^(o> 
for all m G M. 

Proof. Let m G M. Then m^-i] ® = mi^^i^mii^^^^^^ ® mifj^^^y and 



5-^ 



"^[0](_i))"^[-l] ®"^[0](o)- 
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Hence 

fiS"-^(m[o](_-^Pm[_i] j (g) m 



^95"^ (^5"^(m[o](_^pm[_i]j ®"^[o](o) (by (OH])) 

^95-^(m[_i])®m[o]. (by (HJl) 



□ 



Theorem 5.5. Let {R,R^) be a dual pair of Hopf algebras in ^yD with bijective 
antipodes and with bilinear form ( , ) . 
A monoidal isomorphism 



rat 



is defined as follows. 

For any object M G yV^"^^ with right R^H -comodule structure denoted by 

6m ■ M ^ M Ri^H, m t-> m^] ® m[i], 

let F{M) = M as a vector space and F{M) G /jv^^D^l^ with left H-action, 
H-coaction Sp^^j^^ and R^ -action, respectively, given by 

(5.3) km = mS~^{h), 

(5.4) ^F(M)("^) = 7r5(m[i]) ® m^], 

(5.5) ^m= {^,^S{m[i]))m[o] 

for all h E H^m & M,^ G R"^ . For any morphism f in yD^"^^ let F{f) = f. 
The natural transformation (f is defined by 

(5.6) ipM,N ■■ F{M) (g) F{N) F{M ® iV), m ® n ^^ mnS-\n[i]) ® n^], 
for all M,N e yV^*" . 

Proof. The functor F is the composition of the isomorphisms 



rat) 



where = Si is the isomorphism of Lemma 14. 9[ V2 is the isomorphism of Lemma 
15. 3[ D is the isomorphism of Proposition 12. 5[ and where the last isomorphism is 
the restriction of for i?^ of Lemma [5.21 to rational objects. 
Let M,N e yV^*^. The map 

ip = ipM,N ■■ F{M) ® F{N) F{M ® A^) 
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is a linear isomorphism with ip'^{m (g> n) = m7r(?T,[i]) for all m G M, n & N . 
It follows from the Yetter-Drinfeld condition fl4.12p that is an if-linear and 
if-colinear map, since for all m G M, n & N and h & H, 

(p{h{m (g) n)) = Lp{mS^^ {h(i)) ® nS~^{h{2))) 

= m5"-^(/i(i))7r5"-^(/i(4)n[i]5"-^(/i(2))) ® n[o]5"^(/i(3)) 

= m5"^(/i(i))5"^(/i(2))7r5"^(ra[i])5"^(/i(4)) (8) n[o]5"^(/i(3)) 

= hipijn ® n), 

^F(M(sN)'fi'^ ®n) = 7r5(7r(ra[4])m[i]7r5"^(n[2])n[i]) (g) m[o]7r5"^(n[3]) (g) ra[o] 
= nS{ni2]m[i]) (g) m[o]7r5"^(n[i]) (g) n[o] 

= (id^^ ® </')5f(Af)55F(7V)("^ ® 

To prove that is a left i?^-linear map, let ^ G i?"^, m G M and n & N . We first 
show that 

(5.7) ^(-2) (g>^(-i)(^(o),?95(a)) = 7r(5(a(2))a(4)) (g>7r(5(a(i))a(5))(^,^95(a(3))) 

for all a G 
By (I02D, 

(i95(a))(_2) ® (^5(a))(_i) (^5(a))(o) 

= A(7r(5(a(3))52(a(i)))®^5(a(2)) 

= 7r(5(a(5))52(a(i))) ® 7r(5(a(4))>S2(a(2))) ®^5(a(3)). 

Hence (15.71) follows from (12.50 . 
Then 

¥3(^(m (g) n)) = (pi^(i)m (g) ^(2)n) 

= (e;!\)m[y5-i(e(%)) )m[o]5-i(e(%) 

®(4';,^5(n[i]))n[o]) 
= (^(m[o]5-i(eJ'\)) ® n[o]) (by ([mD) 

><(e^'^^(^(V(m[i])))(eg},^5(n[y)). 
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Hence by (15. 7p we obtain 

V9(^(m (g) n)) = (/)(m[o]>S"^(7r(5(n[i])n[5])) ® n[o]) 

X (7r(5(n[2])n[4])5(m[i])))(^(2),^?5(n[3])) 

= m[o]7r(5"^(n[6])n[2])7r5"^(n[i]) O n[o] (by (^M)) 

X (^,^?5(n[4])7? (7r(>S(n[3])n[5])>S(m[i]))) 

= m[o]vr5~^(n[4]) (g) np] 

X <^^,^95(n[2])'i9 (7r(5(n[i])n[3])5(m[i])) 
= m[o]7r5"^(n[3]) (8)n[o](^,t95(m[i]7r5"^(r2[2])n[i])), 

where the last equahty follows from Lemma 11.11 and from (I1.35P . 
On the other hand 

^ip{m ® n) = ^{■rmTS^^{n[i]) (g) njoj) 

= (^,^'5(7r(n[4])m[i]7r5"^(n[2])n[i]))m[o]7r>S~^(n[3]) (g)n^ 

= m[Q]TiS'\n[3]) (g)n[o]{^,i9S{m[i]-KS'^{n[2])n[i])). (by p.34p) 

Hence ip{^{m ® n)) = ^if{m ® n). 

It is easy to check that the diagrams (13.21) commute for {F, cp). Hence {F, ip) is 
a monoidal functor. □ 

6. The second isomorphism 

In this section we assume that {R, R^) is a dual pair of Hopf algebras in 
with bijective antipodes and bilinear form ( , ). The monoidal isomorphism 
(F, if) : yV^*^ — )■ ji^^^yVrax, of Theorem 15.51 induces by Lemma [3^ a braided 
monoidal isomorphism between the centers 

(F^,y,^) : Z(:yP^#^) ^ Z{ ^v#f mat). 

Assume that Ry^§yV,^t is /?^#i/-faithful. By Propositions iSl and ISl the 
functors 

^■.r.tyv^*S ^ziyv^*""), 

are fully faithful, strict monoidal and braided. The functor \I' is defined with 
respect to the Hopf algebra inclusion l : H ^ R^H. We denote the image of 
M G Ta.tyi^n#H yT)^*^ defined by restriction by Mres. The functor $ is 
defined with respect to the Hopf algebra projection tt : R^^^H — )■ H, and we 
denote the image of M G ^v^^ yi^mt in 
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Our goal is to show in Theorem 16.51 that {F, ip) induces a braided monoidal 
isomorphism 



rat J' ^R#H 



Let G : ^v##mat ^ yV^*"" be the inverse functor of the isomorphism F of 
Theorem I5.5[ Then {G,tlj) : ^v^^3^2^rat — ^ yV^"^^ is a monoidal isomorphism, 
where ■?/' is defined by (13. 5p . We first construct functors 



F : rat3^2^ 
such that the diagrams 



(6.1) 



and 



(6.2) 



rat ^R#H 



z{yv^*^) 



^( RV^^3^2^rat) 



R'^#H 



yv 



rat 



z( «v#f mat) z(3;p«#^) 



rat J' ^R#H 



commute. ^ 

The existence of F will follow from the next two lemmas. 



Lemma 6.1. Let (F^,^^) : Z{yV^*^) Z{ Rv^gyV^at) be the monoidal 



^^^) : ziyv^*""] 

isomorphism induced by the isomorphism {F, ip) of Theorem 15.51 Let M G 
ratyT^R^H ' ^'^^ ^{M) = (Mi.es,7), where ^ = cm is defined in (I4.14p . Then 

F^V|/(M) = (F(Mres),7), 

and ^F{X) ■ F{M,cs) ® F{X) F{X) ® F{M,^s) is gtven by 

(6.3) lF{x){'m ®x) = X[o]7r (5(x[i])x[4]m[i]) ® m^TiS'^{x[^^)x[2] 

for all X e yV^*", xeX andmeM. 

Proof. Let X G yV^*^ with comodule structure 

X ^ X ® Ri^H, X t-> xjo] ® 

Recall that 7f(x) = ^x,M,^r^ F{cm,x)^m,^s,x by (13.131) . It follows from the defi- 
nition of (px,Mrcs Theorem 15.51 that 

(6.4) Vx,Mr.s'^i^ (g) m) = X7r(m[i]) (g) m[o] 
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for all X G X, m G M . Hence 

lF(x){m ® x) = (px,M,,r^F{cM,x)'^M,,,,x{m ® x) 

= 'fx,Mros~^PicM^x)im7rS'^{x[i]) ® x^) 

= <^x,Airos~^ {^[0] ^ rmTS-\xi2])x[i]) 

= X[o]7r (S (^{nS-\xi2])x[i])^^^^ m[i] {'kS-\xi2])x[i])^^^ 

®m[o] (7r5"^(x[2])x[i])j2] 
= X[o]7r (5(5"^(x[6])x[i])m[i]5"^(x[4])x[3]) (g)m[o]7r5"^(x[5])x[2] 
= X[o]7i (5(x[i])x[4]m[i]) (g) m[o]7r5"^(x[3])x[2]. 

□ 

In the next lemma we define a map which will be the coaction of R^^H 

on F{M) in Theorem I6.5[ 

D -LL IJ 

Lemma 6.2. Le^ M G vatyi^R#H ■ denote the left H-comodule structure of 
F(Mj.es) hy M H ® M, m h-> ® m(o) . Define a linear map 

5m ■■ M ® m<"^^ ® m^°\ 

6y i/ie equation 

(6.5) mr = (r,5^v^ (5-^(m<°>(_i)) ■ m<-i>))'m<°>(o) 
/or all r & R,m & M. Let 

(6.6) : M ^ R^i^H ®M,m^ m^'^'^ ® m'^' = m<-^>m<°>(_i) ® m<°>(o). 

r/ien the following hold. 

(1) For allme M,ae Ri^H , 

(5-i(m<°\_i)) • m<-i>,t95(a))m<°>(o) = m7r5-i(a(2))a(i). 

(2) Lei X G yV^*" , and let ^f{x) ■ F{M,e,) ® F(X) ^ F(X) ® F(Mres) 6e 
t/ie isomorphism in j^v^§yT> defined in Lemma \6.1\ Then for all x E X 
and m G M , m}-~^'^x m'^l = 7_f(x)(^ ® a;). 

(3) For all m G M , T:{rn}-~^^) ® rri^ = m(_i) (g) r/2(o) . 

Proof. (1) The map is well-defined since M is a rational right i?-module, ( , ) 
is non-degenerate, and the maps Sr-^ and 

R"^ ® M ^ R"^ ® M, i^mv-)- 5~^(m(_i)) • ^ ® m^Q), 

are bijective. 

Note that if (1) holds for a G Ri^H then it holds for ha for all h E H . Thus it 
is enough to assume in (1) that a G S~^{R). For all r G i? and a = S~^{r), 

7r5"^(a(2))a(i) = 7r5"^(r(i))5"^(r(2)) = 5/j(5"^(r)) 
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by fll.27p . Therefore (1) is equivalent to 

(5-^(m<°>(_i)) ■m<-i\r)m<o>(o) = mSR{S-\r)) 

for all r G -R, m G M. This last equation holds by our definition of 5^ since 

mSn{S-\r)) = {Sn{S-'{r)),Sj,l {S-\m^'\_,)) ■ m<-i)))'mW(o) (by m) 
= (5-'(r),5-i(m<°>(_i)) • m<-i>)'m<°>(o) (by (ElQ])) 

= (5-^(m<°>(_i)) ■m<-^\r)m<°>(o). 

Here, we used that by Lemma \2.7\ {R}^ , R) together with ( , )' : i? ® i?^ — )• k is 
a dual pair of Hopf algebras in ^ yV. 

(2) Let X G yV^"^^ . By Lemma [6.11 we have to show that 

(6.7) m^'^^x (g) m'°^ = X[o]7r(5(x[i])x[4]m[i]) (g) m[o]7r5"-^(a;[3])x[2] 

for all X G X, m G M. 

By fl6.6p and (16. 5p . the left-hand side of (16. 7p can be written as 

= m<-^>(a;5~i(m<°\_i))) ® m<°\o) 

= (m<-i),^5 (mW(_i)X[i]5-HmW(_3))))x[o]5-i(mW(_2)) ® mW(o) 
= (m<-i),^5 (x[i]5-i(mW(_2))))x[o]5-i(mW(_i)) ® mW(o), 

where the last equality follows from (ll.34p . Thus (16. 7p is equivalent to the equa- 
tion 

(6.8) {m<-'\^S (a;[i]5-i(mW(_2))))x[o]5-^(mW(_i)) ® mW(o) 
= X[o]iT{S{x[i])x[4]m[i]) (g) m[o]7r5"^(x[3])x[2] 

for all X G X, m G M. 

To simplify (16.80 we apply the isomorphism 

(6.9) X(g)M-^X(8)M, x®mf-> x5"^(m(_i)) (g) m(o). 

Under the isomorphism (16.90 the left-hand side of (16. 8p becomes 

{m^-'ldS (x[i]5-i(mW(_i))))x[o]®m<o)(o) 
= (m<-i\^(mW(_i)5(x[i])))x[o]®mW(o) 

= (m<-i\m<°>(_i) ■ ^5(x[i]))x[o] ® m<°>(o) (by dTSSD) 

= (5-i(mW(_i)) ■m<-i),^95(x[i]))x[o] ®m<o>(o), (by (El) 
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and the right-hand side equals 

X[o]7r (5(x[i])a;[4]m[i]) S'^Sn ((m[o]7r5"^(a;[3])a;[2])[i]) (m[o]7r5"^(a;[3])a;[2])[o] 
= X[o]TT {S{x[i])xi8]m[2]) S'^n {S (7r5"^(x[7])x[2]) m[i]7r5"^(a;[5])2;[4]) 

(g)m[o]7r5"^(a;[6])a;[3] 
= X[o]TT {S{x[i])x[s]Tn[2]) (5(x[2])x[7]m[i]5"^(a;[5])a;[4]) 

® m[o]7r5"^(x[6])a;[3] 
= X[o] ® mTcS~^{x[2])x[i]. 

Thus the claim follows from (1). 

(3) Let m G M. By f l63|) and ([2JD, m = ml = e(m<~i>)m<°^ Hence 

□ 

The existence of G will follow from the next two lemmas. 

Let M e Rv*HyVr^f We denote the left i?^#i/-comodule structure of M by 

M -> W^i^H ®M, m["^] ® = m<"^>m<°>(_i) ® m<°>(o), 

where M — > R}^ ® M, m 1— m'^^^^ ® m^°\ is the -R'^-comodule structure of M. 
For all X G ijv-^^3^2^rat the right -R#if-comodule structure of is denoted 

by 

X X (g) X t-> X[o] (g) 

Note that G{X) = X as a vector space. The right if-module structure of G{X) 
is defined by 

(6.10) xh = S{h)x 

for all X e X, /i e H. Since FG{^M) = ^M, it follows that 

(6.11) 7r5(m[i]) O m[o] = 7r(m["^l) O m'^^ 
for all m G M. 

Lemma 6.3. Let {G^,ip^) : Z{ /jv^fj^l^rat) ^ Z{yV^*") he the monoidal 
isomorphism induced by the monoidal isomorphism (G, ip). Let M G j^y^^yV^.^^, 
and $(M) = ('^M, 7), where •y = cm is defined in (14.41) . T/ien 

G^<I>(M) = (G("M),7), 

anc? 7g(x) : GC^M) (g) G(X) ^ G'(X) (g G^^M) zs (?z^;en 6?/ 

(6.12) 7G(x)(m ® x) = (5-i(m<°Vi)^'52(x[i])) ■ m^-'^) X[o] ® 7r5(x[2])m<°>(o) 
/or all X G ijv^^J^'Z^rat, x G X anc? m G M. 
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Proof. Let X G ijv#f J^^^rat- By (g^D, 7x : ® X ^ X O is defined by 

for all x G X, m G M. 

By ( 13 -Sp and (I3.13p . the isomorphism 7g{x) is defined by the equation 

(6.13) 7g(x)G'(v^g(-a/),g(x)) = G{i^Gix),GC^M))G{'yx)- 

We apply both sides of fl6.13p to an element m ^ x,m ^ M, x G X. Then 

■lG{X)G{ipG{^M),GiX)){m (g) x) = 7G(X)("^7r>S"^(x[i]) (g) X[o]), 



and 

G{^PG{x),G{-M))G{'yx){m x) 



(m[-^]x)7r5-^(mM[i])®mM[o] 
7r(mM[i])(m[^ilx) ®mM[o] 



(by dniO])) 

(by dnm)) 



[S ^(m^°^ (_!))• X (K) ■ (0), 



,(0), 



where in the proof of the last equality the following formula in R^jj^H is used for 
a = = m<-^>mW(_i). Let ^ e , h e H and a = e R^j^H. Then 

7r5-i(a(2))a(i) = 7r5-i(e(^\o)/^(2))e^'^e^'\-i)/^(i) 

= 5-l(/l(2))^/l(l) 

= 5-i(/.)-6 

We have shown that 

(6.14) 7G(x)(m7r5-i(x[i]) ® xp]) = (5-^(m<°>(_i)) " "^^"'0 ^ ® ^^°^o). 

Since m®x = m7r(x[2])7r5^"'^(x[i]) (8>X[o] = {7!'S{x[2])m)'7iS~^{x[i]) ^x^, we obtain 
from fl6.14l) and the Yetter-Drinfeld condition for M 

lG{x){m ® x) 



S ((7r5(x[i])m 



,(o> 



(-1) 



(7r5(x[i])m)^ 

[S-^ ((7r5(x[i])m<°>)(_i)) ■ 7r5(x[2])m<-i>) X[o] ® (7r5(x[i])m<°>) 

(0) 



X[o] ® (7r5(x[i])m)<°>(Q^ 

(0) 



[S ^(m^°>(_i)7r5^(x[i])) ■ m< xp] (g) 7r5(x[2])m^-' (o). 



□ 



Lemma 6.4. Let M G ^J*^^3^^rat, and G^$(M) = (G('^M),7) as in Lemma 
1^.31 Lei ( , )' : R® R"^ — )■ k 6e i/ie form defined in fl2.16p . Define a linear map 
//g(^) : M ® ^ M 5?/ 

(6.15) /ig(^,)(m®a) = (m<-i\ mW(_i) . ^(7r52(a(2))5(a(i))))7r5(a(3))mW(o) 
/or a// m G M, a G R^^H. Then the following hold. 



7G{x){m'S)x) = {S ^ (m<°\_i)7r5^(x[i])) ■ m< X[o] ®7r5(x[2])m< '(o) 

= (5^^ (m^°\_i)7r5^(x[2])) • m^~^\?95(a;[i]))a;[o] O 7r5(a;[3])m<-' (o) 
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(1) For all X e Hv#H3^'^rat, x e X and m e M , 

7G{x){m (g) x) = X[o] O fiQ^j^,i^{m ® 

(2) For all m & M and h E H , /ig(-^^^(m ®h)= mh. 

(3) For all m E M and r G R, 1^g(M)(^ r) = (r, 'i95~"'^(r/2t~-'^]))'m[' 

Froo/. (1) Let X G ^v^f 3^2^rat, s G X and m G Af . Then by fl6J2|) . 

= X[o] ® (m<-i\m<°>(_i) • ^ (7r52(x[2])5(a;[i])))7r5(x[3])m<°>(o) 

where we used ( 15. 5p and the equahty X = FG{X) together with ( ]1.35p and ( 12. 4p . 

(2) Let m G M and /i G if. Then 

/ig(^,)(m®/i) = (m<-i\m<°\_i) ■?9(7r52(/i(2))5(/i(i))))7r5(/i(3))m<°>(0) 
= (m<-i\m<°>(_i) ■ l)7r5(/i)m<°>(o) 

= (m<-i>, l)7r5(/i)m<°> (by (|2T|) ) 

= TrS{h)m 
= mh. 

(3) Let m E M and r E R. Then r(i) (8> 7r(r(2)) = r 1. Hence 

^^°\o) (by dmD) 

^°\o) (by dOSD) 

= (5-i(m<o)(_i)) • m<-i\5(r(_i)) ■ 5^(r(o)))mW(o) (by (Q) 

= (5-i(mW(_i)) ■ 5^v^(m<-i)),5(r(_i)) ■ 5^(r(o)))m<°)(o) (by ([210])) 
= (5-i(mW(_i)) •5^i(m<-i)),52(r))mW(o) (by dm])) 

= {S-\m^^\_i))-^S-\m<-^^),S\r))m^^\o) (by (O^ ) 

= (i95-^(m<-i>m<°>(_i)),52(r))m<°\o) (by f05|) ) 

= (r,^5-i(m[-i]))'mM. 

□ 

Theorem 6.5. Lei (F, F^) 6e a dual pair of Hopf algebras in with bijective 

antipodes and bilinear form ( , ) : F^ F — > k. Lei ( , )' : F F^ — t- k &e i/ie 
form defined in (12.161) . Assume that /jv-^^J^'T'rat is R^^^H -faithful. 





-i>. 












-1). 
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Then the functor 

as defined below is a braided monoidal isomorphism. 

For any object M G ra.tyT^Fi#H '"'^^^ right R^H-comodule structure denoted by 

5m '■ M ^ M ® Ri^H, m h-)- m^] ® m[i], 

let F{M) = M as a vector space and F{M) G RvJ^^3^2^rat with left H-action, 
H-coaction Fiy -action, and W 4j^H-coaction 

r (Ai ) 

5p^j^j^ ■ M -> R^'i^H ®M, w\~^^ ® m™, 

respectively, given by 

(6.16) km = mS~^{h), 

(6.17) 6f^^^^ (m) = ttS (m[i] ) ® m^] , 

(6.18) ^m= {^,'&S{m[i]))m[o], 

(6.19) mr = (r,795"^(m[~^l))'mM 

for all h E H,m E M, ^ G i?^ and r E R. For any morphism f in ratyT^^^^ let 
P{f) = /■ The natural transformation is defined by 

(6.20) ^m,n:F{M)®F{N)^F{M®N), 

(6.21) m®n^ rmxS^^{n\^i]) ® n[o] = 'KS^^{n^~^^)m ® n^^\ 
for all M,N e,^,yvS*S. 

Proof. Let M G rat}^^^^!?- As in LemmaOwe write ^(M) = (Mres,7). Then 

F^*(M) = (F(Mres),7)- 
By Lemma 15.41 the definitions of ^pi^^^ in Lemma 16.21 and in (16.190 coincide. 
Thus, by Lemma [6.21 (2). for all X G yV^"^^ , the isomorphism 

7f (X) : F(M,es) ® F{X) ^ F{X) ® F(Mre«) 

has the form 

lF{x){fn ® x) = mf~"'"^x ® 
for all m G M, x G X, where Sp^j^,^{m) = m^^'^'^ ® tti'^I is defined in Lemma [6.21 
By Lemma \672\ (3), the left if-comodule structure of F(Mj.es) is (vr id)Sp^jy^y 

The left if-action, if-coaction and i?^#if-action of F{M) are those of F(Mres), 



see Theorem 15. 5[ ^ 

We now conclude from Proposition l4.4l that F{M) with i?^7^if-comodule struc- 
ture is an object in ratJ^^^R^H ' and <I>(F(M)) = F^^(M). 
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Thus we have defined a functor F : raxyT^R^n ~^ BytS^'^^^^ ?>nQh. that the 
diagram (16.11) commutes. By Lemma 13.11 there is a uniquely determined family 
^ such that (F, Lp) is a braided monoidal functor with 

(F^,<^^)(vI/,id) = (<l>,id)(F,^). 

Let M,N e r.tyv!^*l^. Then <^{^m,n) = <^f(Af), ,*(Af) (13. 4p. that is, for all 
m e M,n e N, 

'?M,N{m ^n) = V2Af,„„Ar,es("^ ® n) = m7r5~^(n[i]) (g) 

by Theorem 15.51 To define the inverse functor of F let M G ^x/^j^yV^ai. Let 

G{M) = M as a vector space with right i?#iJ-comodule structure and if-module 
structure given by '^M, and with right i?#if-module structure /ig defined in 
fl6J[5|) . Then G{M) e yV^'ff by Proposition and Lemma [631 (1), (2). 
It follows from Lemma 16.41 (3) that G{M) is rational as an i?-module. We let 
<^(/) = / for morphisms in ^v_|^ 

Thus we have defined a functor G : ^v-|^3^I^rat — ^ ratyi^n#H ^ clear 
form the explicit definitions of F and G that = id and GF = id. □ 



7. The third isomorphism 

Finally we compose the isomorphism in Theorem 16.51 with the isomorphism in 
Lemma 14.91 

We recall from Lemma 15.21 and Lemma 15.31 the description of left modules and 
left comodules over R^H, where i? is a Hopf algebra in ^yD. In particular, the 

T> -U- ZJ 

restriction of an object M G j^^^^ yV with _R#if-comodule structure 6m is an 
object in ^J^T*, where the if-action is defined by restriction and the if-coaction 
is (tt (g) id)6M- 

Theorem 7.1. Let {R,R^) be a dual pair of Hopf algebras in with bijective 

antipodes and with bilinear form ( , ) : -R^ (g — )■ k. Assume that Rv^^3^2^rat 
IS R"^ if H -faithful. 
Then the functor 

as defined below is a braided monoidal isomorphism. 

Let M G ^^ny^T^a-i '"'^^^ ^^ft R-comodule structure denoted by 

5ff : M ^ R® M, 
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Let i7(M) = M as an object in §yT> by restriction, and Vt{M) G l^v^^yT>j.at 
with B)^ -action and If -coaction S^^j^.^y respectively, given by 

(7.1) = (^,m(_i))m(o), 

(7.2) <,,)(m) = 4v,MM^'^^®"^^<°^^), 
where 

(7.3) rm= {m^^-^^\eR{r))m^^'^^^ 

for all m G M, ^ G -R^ and r E R. For any morphism f in ^^^yD^^^^ let 
^(/) = /■ The natural transformation u is defined by 

(7.4) ujm,n ■ ^{M) (g) n{N) n{M ®N), m®n^ 5"^5R(n(_i))m ® n(o), 
for all M,NeS*^yV,,,. 

Proof Let (5f\V^) : R^uy^ ^ y^RtS be the braided monoidal isomorphism 
defined in LemmaS]9] (2). Let M G ^^^yV, and assume that M is rational as a 
left i?- module. By definition, ^(M) = M as a vector space, and mr = S{r)m 
for all m G M, r E R, where 5 is the antipode of R^H. Let m G M. Since M 
is a rational left i?-module, E'-^m = for some E' G Srv. Choose a subspace 
E" G ^i?v with Srv{E') C E". Then 5(r)m = 5(r(_i))5R(r(o))m = for all 
r G E"'-^ by (H^T^ and (|2J0D . Hence S*!" ^(M) is rational as a right /2-module. 

Thus (5"]"^, '?/') induces a functor on the rational objects. We denote the induced 
functor again by 

Let 

be the braided monoidal isomorphism of Theorem 16. 5[ Then the composition 

(7.5) {n,u) = {F,^){S^\i:) 

is a braided monoidal isomorphism. 

Let M G R^HyVraf The /?^#i7-coaction denoted by 

Sn(M) : M R^i^H m^-^^ ® m™, 

is given by 

(7.6) S{r)m = (r, ^S-\m^-^^)ym^'^^ 

for all m G M and r E R. 
Let 

^Sm) = ® id)5n(Af) : M ^ R"^ ^ M, m ^ m<-^> ® m<°\ 
be the i?^-coaction of n{M). 
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To prove (D, let m G M, r e R. Then by ([H]) and (02]) . 

hence 

Sn{r)m = {dS-\m^-'^),SU0R{rio)))ri-i)m^'^ (by ([L2lD) 

= ^5-i(m<-i)mW („!)), ^H(r(o)))r(-i)mW(o) (by dm) 

= {S-\m^'\^,^).Sl.^S-\m^-'^),enino)))n-i)m^'\o) (by «) 

= (5-i(mW(_i)) ■ 5^v(m<-i>),e«(r(o)))r(_i)mW(o) (by dTSS])) 

= (5-i(mW(_i)) ■ 5^v(m<-i>),e«(r)(o))5-2(^^R(r)(_i))m<°)(o) (by dm])). 

Since OrSj^^ = Sj^^Or, we obtain by f l2.10p 

(7.7) rm = {S-\m^'\^,^) ■ m^-'\9n{r)^o))S-\9n{r)^_,^)m^^\o)- 

Note that c]^\Mi^^'^^ ® ^^°^) = "^^°\o) ® 5"^(m<°>(_i)) • m^~^>. Hence by (EZ]) 
and ([23]), 

rm = (m<<^^>\efl(r))m<<°>\ 

where m^^^-*-^^ m^^°^^ = c^/^vC^v ^^(m^^"^^ m^*^^). 

Finally, by ( 17. 5p and (13. 4 p the natural transformation u is given by 

(7.8) ujm,n ■ ^{M) ® il(A^) n{M ® N), m®n^ n[_i]7r5"^(n[_2])m ® n^, 
for all M, AT e if#:^2^rat, where 

®N,n^ (g) rap] = ?^(-i)?^(o>(_i) ® ^(o>(o), 

denotes the R^^H- coaction of A^. Let r ^ R, h E H and a = rh E R^H. Then 

a(2)7r5"^(a(i)) = £(/i)r(2)7r5"^(r(i)) 

= 5(/.)r(^)(0)vr5-i(r«r(^)(_i)) 
= e(/i)r(o)5-^(r(_i)) 

= £(/i)5-i5^(r). by([L2lD 
Hence (El) follows from (ESI). □ 

We specialize the last theorem to the case of No-graded dual pairs of braided 
Hopf algebras in ^y^- 

Let R = ©„>o-R(ra) be an No-graded Hopf algebra in ^yV. We view the 
bosonization Rjj^H as an No-graded Hopf algebra with deg i?(n) = n for all 
n > 0, and de^H = 0. 
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For any Yetter-Drinfeld module W G ^^^yV we define two ascending filtra- 
tions of Yetter-Drinfeld modules in § yV by 

(7.9) J^iW = {weW\ 5^{w) e ©r=o^(0 ® W}, 

(7.10) J^iiW = {w eW \ R{i)w = for all i > n} 

for all n>0. Then U„>oJ'^lV = W. But in general, U„>o J'^IV ^ W. 

Given an abelian monoid F and a F-graded Hopf algebra A with bijective 
antipode, we say that M G ^yT> is T- graded if M = ©^grA^(7) is a vector space 
grading and if the module and comodule maps of M are F-graded of degree 0. 

Corollary 7.2. Let By = ©„>o-R^(n) and R = ©„>o-R(n) be No-graded Hopf 
algebras in ^yD with finite- dimensional components R^{n) and R{n) for all 
n > 0, and let { , ) : i?^ © i? — )■ k 6e a bilinear form of vector spaces satisfying 
- (D and fl212D . Then the functor 

as defined in Theorem \7.1\ is a braided monoidal isomorphism. 
Moreover, the following hold. 

(1) A left R- (respectively R"^ ) -module M is rational if and only if for any 
m & M there is a natural number uq such that R{n)m = (respectively 

{n)m = 0) for all n > uq. 

(2) Let M G ^^j^yDj-at be Zi-graded. Then Q{M) is a Z-graded object in 
RvfUyVr^t with n{M){n) = M{-n) for all m G Z. 

(3) For any M G ^^J^'Prat and n > 0, 

Proof. By Example 12. 4^ the antipodes of R and of R"^ are bijective, and {R, i?^) 
together with ( , ) is a dual pair of Hopf algebras in §yV. By Example E2\ (2), 
the category ijv^^J^r'rat is -R^#-ff-faithful. Thus is a braided monoidal 

isomorphism by Theorem 17.11 

(1) is clear from Example 12. 4[ and (2) and (3) can be checked using f l7.ip and 

(El. □ 

Proposition 7.3. Let R = ©„>o-R(n) be an N^-graded Hopf algebra in gyV with 
finite- dimensional components R{n) for all n > 0. Let W be an irreducible object 
in the category ofL-graded left Yetter-Drinfeld modules over R^H . Assume that 
W is locally finite as an R-module, or equivalently finite- dimensional. LetriQ < ni 
in Z, and W = ©"i„(jVr(?) be the decomposition into homogeneous components 
such that Wino) ^ 0, W{nx) ^ 0. Then 

r no+n ni 

(7.11) = © w^(0, = © w^(^) 

i=no i=n\—n 
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for all n > 0. Moreover, W{nQ) and W{ni) are irreducible Yetter-Drinfeld mod- 
ules over R{0)^H , where the action and coaction arise from the action and coac- 
tion of Ri^H on W by restriction and projection, respectively. 

Proof. The inclusions 3 in ( 17. lip follow from the definitions since is a Z-graded 
Yetter-Drinfeld module. On the other hand, assume that J-'nW ^ W{%) for 

some 77, > 0. Then there exist / > rio + n and w G fl J-'^(H^) with w 7^ 0, since 
is a Z-graded Yetter-Drinfeld module. Then the Yetter-Drinfeld submodule 
of W generated by w is contained in ©„>noW^(^)- This is a contradiction to 
W{n^ 7^ and the irreducibility of W . The proof of the second equation in (17.111) 
is similar. By degree reasons, Win^ is a Yetter-Drinfeld module over i?(0)#if in 
the way explained in the claim. It is irreducible, since W is irreducible and hence 
it is the i?#if-module generated by any nonzero Yetter-Drinfeld submodule over 
R{Q)jj^H of W{nQ). Similarly, W{ni) is an irreducible Yetter-Drinfeld module 
over R{0)^H, since W is the -R^^iZ-comodule generated by any nonzero Yetter- 
Drinfeld submodule over R{0)^H of W{ni). □ 

Let i? be a braided Hopf algebra in /^yT>, and let K he a Hopf algebra in 
^*SyV. Then 



coH 



denotes the braided Hopf algebra in ^ yV of if -coinvariant elements with respect 
to the canonical projection K^{R^H) — )■ Rj^H — )■ H. 



Corollary 7.4. In the situation of Theorem 7.1 assume that R is a Hopf subal- 
gebra of a Hopf algebra B in ^y^ ^'^^^ ^ Hopf algebra projection onto R, and 
let K ■= B^°^. 

(1) K = {B^HY°^'^^ is a Hopf algebra in ^^^yT>, and the multiplication 
map K^R B is an isomorphism of Hopf algebras in ^yD. 

(2) Assume that K is rational as an R-module. Then Q{K)^R'^ is a Hopf 
algebra in with a Hopf algebra projection onto i?^ 



Proof. (1) is shown in |AHS10l Lemma 3.1]. By Theorem 17. Ij Vt{K) is a Hopf 
algebra in ^y^^yV. This proves (2). □ 



8. An application to Nichols algebras 

In the last section we want to apply the construction in Corollary [73] to Nichols 
algebras. We show in Theorem 18.91 that if i? is a Nichols algebra of a semisimple 
Yetter-Drinfeld module, then the Hopf algebra VL{K)jj^R'^ constructed in Corol- 
lary [73] is again a Nichols algebra. The advantage of the construction is that the 
new Nichols algebra is usually not twist equivalent to the original one. 

We start with some general observations. 
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Remark 8.1. Let R = (BneNo^i^) be an No-graded bialgebra in §yT>. 

(1) The space 

P{R) = {x eR \ /^r{x) = l®x + x®l} 

of primitive elements of R is an No-graded subobject of R in ^y^i since it is 
the kernel of the graded, if-linear and //-colinear map 

R-)- R0 R, X Afl(x) - 

(2) Assume that R{0) = k. Then R{1) C P{R). Moreover, R is an No-graded 
braided Hopf algebra in ^y^- 

Let M e §yV. A pre-Nichols algebra |Mas08j of M is an No-graded braided 
bialgebra R = (Bn>NoR{n) in §yV such that 

(Nl) i?(0) = k, 
(N2) = M, 

(N3) -R is generated as an algebra by M. 
The Nichols algebra of M is a pre-Nichols algebra R of M such that 
(N4) P{R) n R{n) = for all n>2. 

It is denoted by B{M). Up to isomorphism, B{M) is uniquely determined by 
M. By Remark EH our definition of 13{M) coincides with [XS02l Def. 2.1]. The 
Nichols algebra B{M) has the following universal property: 
For any pre-Nichols algebra R of M there is exactly one map 

p:R^B{M), p I M = id, 

of No-graded braided bialgebras in /^yV. Thus B{M) is the smallest pre-Nichols 
algebra of M. 

In the situation of Theorem 17.11 the functor 

is a braided monoidal isomorphism. Hence for any No-graded braided bialgebra 
B in ^J^J^J^I'iat with multiplication fis and comultiplication A^, the image fl{B) 
is an No-graded braided bialgebra in p^v^^ 3^^rat with multiplication 

n{B) ® n{B) n{B ® b) n{B) 

and comultiplication 

Q{B) Q{B ® B) Q{B) ® fi(fi). 

The unit elements and the augmentations in B and Q{B) coincide. 

Corollary 8.2. Under the assumptions of Theorem \ 7. 1\ let M G ^^^J^l^rat- 
Then 

n{B{M)) = B{Q{M)) 
as No-graded braided Hopf algebras in ^wf^yT)^^^_. 
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Proof. By (N3) and (12. 9p . B{M) is rational as an i?-module, since M is rational. 
By Theorem 17. {Q, u) is a braided monoidal isomorphism. Hence B{M) is an 
No-graded braided bialgebra in j^^^ J^^^rat- Since Vt is the identity on morphisms, 
(Nl) - (N4) hold for VL{B{M)). This proves the Corollary. □ 

Let i? be a coalgebra. An No-filtration J-" = (-F„-B)neNo of i? is a family of 
subspaces J^nB,n >0, of B such that 

J^nB is a subspace of J^mB for all m, G No with n < m, 
B = UnGNo J^nB, and 

^b{x) e J2LoJ^iB (g) J^n-tB for all x G J^nB, n G No. 

Lemma 8.3. Let B be a coalgebra having an No-filtration T . Let U G ^Ai be a 
non-zero object. Then there exists m G f/ \ {0} such that 6{u) G J^qB ^ U . 

Proof. The coradical Bq of B is contained in J^qB by |Mon93t Lemma 5.3.4]. 
Hence 5~^{J^qB ® U) ^ 0, since for any irreducible subcomodule U' U there is 
a simple sub coalgebra C with 6{U') C ^ U' . 

We give an alternative and more explicit proof. Let x G t/ \ {0}. Then there 
exists G No with 6{x) G J^nB ® f/. If = 0, we are done. Assume now that 
n > 1 and let ttq : B ^ B/J-'qB be the canonical linear map. Since J-" is a 
coalgebra filtration, there is a maximal m G No such that 

7ro(x(_m)) (g) • ■ ■ (g) 7ro(x(_i)) (g) X(o) 7^ 0, 

where 6{x) = X(_i)(g)X(o). Let /i, . . . , G -B* with /jl^Q = for alH G {1, . . . , m} 
such that 

y ■= ■ ■ ■ /m(a;(-i))a;(o) 7^ 0. 

Then S{y) = fi{x( 

— m— 1)) ■ ■ ■ fm {x{-2))x(-i) (g> a;(o) G Jo-B ^ U hj the maximality 
of m. □ 

Lemma 8.4. Let T be an abelian group with neutral element 0, and A a T -graded 
Hopf algebra. 

(1) Let K be a Nichols algebra in ^y^j ^'^^ -^(1) = ®'y&vK{l)^ a V-graded 
object in A^y^- Then there is a unique V -grading on K extending the 
grading on K{1). Moreover, K{n) is T -graded in Z^'" n > 0. 

(2) Let K be a V-graded braided Hopf algebra in ^y^- Then the bosonization 
Kjj^A is a T -graded Hopf algebra with (\.egK{'-))^A{X) = 7 -|- A for all 

7,AGr. 

(3) Let H C A be a Hopf subalgebra of degree 0, and it : A ^ H a Hopf 
algebra map with it \ H = id. Define R = A™^. Then R is a T -graded 
braided Hopf algebra in §yT> with R{'~f) = RCi ^(7) for all 'y ^T. 

Proof. (1) The module and comodule maps of K{1) are F-graded and hence the 
infinitesimal braiding c G Aut(-ft'(l) (g K{1)), being determined by the module 
and comodule maps, is F-graded. Now the claim of the lemma follows from the 
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fact that K{n) for n G N as well as the structure maps of as a braided Hopf 
algebra are determined by c and K{1). 

(2) and (3) are easily checked. □ 

We now study the projection of if-Yetter-Drinfeld Hopf algebras in Corollary 
17.41 in the case of Nichols algebras. Recall that for any M, N & § yV there is a 
canonical surjection 

TTs(^N) : B{M ®N)^ B{N), 7rB(jv) | AT = id, ttb^n) | M = 0, 
of braided Hopf algebras in ^yD. It defines a canonical projection 

'r^B{N)#H = vrB(7v)#id : B{M © iV)#/7 ^ B{N)i^H 
of Hopf algebras. Let K = {B{M © A^)#i7)™e(7V)#// ^^^^^ ^jgj^^ 

i3(A^)#iJ-coinvariant elements with respect to the projection 'nB{N)#H- Thus 
is a braided Hopf algebra in 

BimSHy^ with B{N)if H-action 

ad : B{N)4fH ® K ^ K, a® x ^ (ada)x = a(i)x5(a(2)), 

and B{N)^H -coa.ciion 

5k: K ^ B{N)i^H ®K,x^ t^b{n)#h{x(i)) ® X(^2)- 

Then by [AHSlOi Lemma 3.1], K = B{M © NY'''^^^\ the space of right B{N)- 
coinvariant elements with respect to 'Kb{n)- 

The bosonization B{N)^H is a Z-graded Hopf algebra with degA^ = 1 and 
degif = 0. We always view the bosonizations of Nichols algebras in 
graded Hopf algebras in this way. 

Lemma 8.5. Let M,N e gyV and K = {B{M © N)ifHY'''^^^^*^. 

(1) The standard No-grading of B{M © A^) induces an No-grading on 

W = (adS(iV))(M) = ©„eNo (ad iV)"(M) 

with deg(ad A^)"(M) = n + 1. Then W is a Z-graded object m el^N^^Sy^' 
where W C K is a subobject in ^l^^^*gyV . 

(2) Assume that M = (BieiMi is a direct sum of irreducible objects in gyD. 
Let Wi = {adB{N)){Mi) for all i G /. Then W = ©ig/VFi is a de- 
composition into irreducible subobjects Wi in ^l^^^^gyT). For all i G I , 
Wi = ©„,>o(ad A^)"(Mj) is a Z-graded object in the category of left Yetter- 
Drinfeld modules over B{N)^H. 

Proof. (1) Let a & N and x G B{M © A^) a homogeneous element. Then 
^b{m®n)#h{,o) = a © 1 + © a(o), since a is primitive in B{N). Hence 

(ada)(a;) = ax — (a(-i) • x)a(o) 

is of degree degx + 1 in B{M © A^). This implies the decomposition of W. 
Moreover, W C since M C K. 
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Since W = (ad ;B(iV)#i7)(M), it is clear that W is stable under the adjoint 
action of B{N)^H, and that 

ad : B{N)H^H ®W 

is Z-graded. To see that C K is a i3(A^)7^i/-subcomodule, and that the 
comodule structure 

W -> B{N)4^H®W 
is Z-graded, we compute 5k on elements of W . For all a G B{N)^H and x G M, 

5i^(ada)(x) = (7re(Ar)#/f ® id)AB(Me7V)#H(ada)(x) 

= T^B{N)#H (a(i)a;(i)5(a(4))) ® a(2)X(2)5(a(3)) 
= 7Tb(N)#h {a'{i)xS{a(^4))) (g) a(2)5(a(3)) 

+ T^B(N)#H («(i)a;(-i)'5(a(4))) (g) a(2)X(o)5(a(3)) 
= a(i)X(_i)5(a(3)) (g) (ada(2))(a;(o)). 

Thus the i3(iV) 7^ if-costructure of W is well-defined and Z-graded. 

(2) is shown in |AHS10l Prop. 3.4, Prop. 3.5]. □ 

Proposition 8.6. Let M,N e gyV and K = {B{M ® A^)#i7)^°^(^)#^. Then 
there is a unique isomorphism 

K = B{{adB{N)){M)) 

of braided Hopf algebras in g^)y^^^ yV which is the identity on {a.d B{N)){M) . 

Proof. Since M© is a Z-graded object in gyV with deg M = 1 and deg = 0, 
the Nichols algebra B{M © A^) is a Z-graded braided Hopf algebra in gyV by 
Lemma[H31(l). Hence the bosonization B{M®N)^H is a Z-graded Hopf algebra 
with deg M = 1, deg A^ = 0, deg H = 0. By Lemma[H31 (3), i^T is a Z-graded Hopf 
algebra in |/^)##3^2^. By lAHSlOl Prop. 3.6], K is generated as an algebra by 
K{1) = {adB{N)){M). Hence K{n) = for all n > 1, and K{0) = k. 

It remains to prove that all homogeneous primitive elements of K are of degree 
one. Let n G N>2 and let U C K{n) be a subspace of primitive elements. We have 
to show that U = {0}. By Remark [HTT] (1) we may assume that U G ^l^^-j^^yV. 
Since B{N)^H has a coalgebra filtration with J^q = H and J-'i = NH + H, 
Lemma 18.31 implies that there exists a nonzero primitive element u ^ U with 
6{u) E H ®) U. Then u is primitive in B{M © A^). Indeed, 

^K#{B{N)#H) = U © 1 + © M[o] = U © 1 + © U(o), 

and hence /^k#b(n){u) = ® id)AK#(B{N)#H)iu) = n©l + l©n. 

Since K{n) = (ad i3(A^)(M))", u is an element of degree at least n in the usual 
grading of B{M © A^). This contradicts the assumption that B{M (B N) is a 
Nichols algebra. □ 
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Next we prove the converse of the above proposition under additional restric- 
tions, see Proposition 18.81 

Let C be a coalgebra, D C C a subcoalgebra, and W a left C-comodule with 
comodule structure 6 : W ^ C <^ W. We denote the largest Z)-subcomodule of 
W by 

W{D) = {weW \ 6{w) eD(^W}. 

Lemma 8.7. Let N e gyV and W e ^l^^*HyV. Assume that ©.g/W^, is 
a decomposition of W into irreducible objects in the category of "Z-graded left 
Yetter-Drinfeld modules over B{N)i^H . Let M = W{H), and Mi = MnWi for 
all i E I . 

(1) M = ©jg/Mj is a decomposition into irreducible objects in gyD. 

(2) For all i E I, Mi is the 'L-homogeneous component of Wi of minimal 
degree, and Wi = B{N) ■ Mi = ®n>oN'' ■ Mi. 

Proof Let W = ®n&W{n) be the Z-grading of W in ^!^^^^*gyV. Then M is a 

Z-graded object in gyD with homogeneous components M(n) = M fl W{n) for 
all n e Z. It is clear that M = ®i<ziMi, where Mi = MnWi = Wi{H) for all i. 

Let i E L By Lemma 15751 Mj 7^ 0. Let 7^ M- be a homogeneous subobject of 
Mi in gyV, and let n be its degree. Then the -B(iV)#i7-module := B{N)-M[ 
is a Z-graded subobject of Wi in ^l^^^^^yV, the homogeneous components of W/ 
have degrees > n, and the degree n component of W^ coincides with M- since 
13{N){0) = k and deg = 1. Thus the irreducibility of Wi implies that Mi = M[ 
is irreducible and it is the homogeneous component of Wi of minimal degree. 

Finally, for alH G / and n G No, 

deg(Ar'^-Mi) =n-t-degMi, 

since the multiplication map B{N)^H ^ Wi ^ Wi is graded. It follows that 
Wi = ©„>oA^" ■ Mi for all i. □ 

Proposition 8.8. Let N E gyV and W E ^l^^^^fgyV. Assume that W is a 
semisimple object in the category of Z-graded left Yetter-Drinfeld modules over 
B{N)i^H. Let K = B{W) be the Nichols algebra ofW m ^l^^^*gyV, and define 
M = W{H). Then there is a unique isomorphism 

Ki^B{N) = B{M © N) 

of braided Hopf algebras in ^yD which is the identity on M ® N . 

Proof. Let ©jg/VFj be a decomposition of W into irreducible objects in the cat- 
egory of Z-graded left Yetter-Drinfeld modules over B{N)^H. For all i E I, let 
Mi = Wi n M. By Lemma [8.71 (2), we can define a new Z-grading on W by 

deg(A^" ■Mi) = n + 1 
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for all n G Nqj^ G /. Then 1^ is a Z-graded object in ^^^^^^yV. Because of 
Lemma 18.41 (1), and since W = K{1), we know that is a Z-graded braided 
Hopf algebra with this new Z-grading on K{1). Thus by Lemma [87^ (2) and (3), 
K^{B{N)^H) is a Z-graded Hopf algebra, and 

R ■= Ki^B{N) = {Ki^{B{N)i^H)f°" 

is a Z-graded braided Hopf algebra in with kl as degree part and with 

M © as degree 1 part. 

Let m e M and h G B{N). Then 



^.1) h-m = b^'\b^^\^i) ■ m)SBiN0^^ 



(0). 



in the algebra R = K^B{N). Since K is generated as an algebra by K{1), and 
since K{1) = B{N) ■ M, we conclude from (18.11) that R is generated as an algebra 
by R{1) = M®N. Thus i? is a pre-Nichols algebra of M © A^. 

By the universal property of the Nichols algebra B{M®N), there is a surjective 
homomorphism 

p:R-^ B{M ® N), p \ M ® N = id, 

of No-graded Hopf algebras in ^yD. Then 

p#id : Ri^H B{M © N)4^H 

is a surjective map of Hopf algebras. Let K' = {B{M © A^)#^r)=°^(^)#-^. Since 
the multiplication maps 

RifH ^ K4f{BiN)4fH), K'4^{B{N)4^H) ^ B{M © N)i^H 

are bijective maps of Hopf algebras, the map p#id defines a surjective map of 
Hopf algebras 

p' : Kj^{B{N)j^H) K'j^{B{N)j^H), p' \ {M ® N) = id. 

The action of B{N)jj^H on K is the adjoint action in K^{B{N)jj^H) . Since the 
algebras K and K' are generated by (adi3(A^))(M) on both sides, p' induces a 
map 

pi:K^K',pi\M = id, 

of No-graded braided Hopf algebras in ^^^^^^yV, and a map 

P2 : B{N) ■ M {adB{N)){M), p2 \ M = id, 

in ^[^)^*HyV. Since {adB{N)){Mi) is irreducible in ^l^^*^yV for all z G /, it 
follows that p2 is bijective. Hence pi is bijective by the universal property of the 
Nichols algebra K = B(W). Thus p = pi#ide(7v) is bijective. □ 
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We now apply Corollary 17.21 to Nichols algebras. Let N & ^ yV be finite- 
dimensional. Then the dual vector space N* = Hom(A^, k) is an object in ^yD 
with 

{h-i,x) = {i,s{h)-x), 

^(-i)(^(o),a;) = 5"^(x(_i))(^,X(o)) 

for all ^ G A^*, X G A^, /i G if, where ( , ) : N* ® N h is the evaluation map. 
The Nichols algebras of the finite-dimensional Yetter-Drinfeld modules N* and 
N have finite-dimensional No-homogeneous components, and there is a canonical 
pairing ( , ) : B{N*) ® B{N) — )■ Ik extending the evaluation map such that the 
conditions Q - (D and fl2A2|) hold, see for example |AHS10l Prop. 1.10]. 
Let 

be the functor of Corollary 17.21 with respect to the canonical dual pairing. 

Theorem 8.9. Let n > 1, and let Mi, . . . ,Mn,N be finite- dimensional objects 
in ^yD. Assume that for all 1 < i < n, Mi is irreducible in ^yD, and that 
(adi3(A^))(Mj) is a finite- dimensional subspace of B{Q)i=iMi © A^). For all i let 
Vi = J^^{adB{N)){M,), and let K = B{®tiMr © N^^^^l 

(1) The modules Vi, . . . ,Vn are irreducible in j^J^'P, Qn{K) is a braided Hopf 
algebra in ^l^^^^^^yDj-i^t, o-nd there is a unique isomorphism 

n^{K)i^B{N*) = i3(©^=i\/, © N*) 

of braided Hopf algebras in which is the identity on ©"=1^^ © A^*. 

(2) For all 1 < i < n, let rrii = max{m G Nq | (adA^)™(Mi) ^ 0}, and 
Wi = {cidB{N)){Mi). Then 

W, = © (adAr)-(M,), V, = (ad Ar)-»(M,), 

n=0 

^n{W,) ^ © (adAr*)"(V^,), M, = {adN*r^{Vi} 

n=0 

for all i. 

Proof (1) Let W = {adB{N)){M). By Lemma El (2), Wi,...,Wn are irre- 
ducible objects in Q^^^^*^yV, W = ®i=iWi, and for all 1 < i < n. Mi is the 
Z-homogeneous component of Wi of minimal degree. By Proposition 17. 3[ the 
Yetter-Drinfeld modules Vi, . . . ,Vn ^ ^3^^^ are irreducible. By Proposition 18. 6[ 
K is isomorphic to the Nichols algebra of W in qI^j^^^h yV. Since (adi3(A^))(M) 
is a finite-dimensional and Z-graded object in ^l^^^^^yV, it is a rational B{N)- 
module. Therefore nN{B{W)) ^ B{nNiW)) by Corollary 
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Hence there is a unique isomorphism Qi\i{K) = B{Qn{W)) of braided Hopf 
algebras in ^(jv*~)#H^^-^rat which is the identity on Qn{W). Recall that 



by Corollary 17.21 (3). Then by Proposition 18.81 there is a unique isomorphism 



of braided Hopf algebras in §yT> which is the identity on ©"^^V^ © A^* which 
proves (1). For the last conclusion we have to check the assumptions of Propo- 
sition 18. 8t that is, Vti^(W) G ^^^^,^*^yT>j.^t is a semisimple Z-graded Yetter- 
Drinfeld module. By Corollary 17.21 (2). Vl^iW) is Z-graded, and it is semisimple 
since W is semisimple by Lemma 18.51 and is an isomorphism by Corollary 17.21 
(2) Let i G {l,...,n}. The first equation follows from the definition of 
Wi and the second from Proposition 17.31 for R = B{N) with deg = 1 and 
deg(adiV)"(Mi) = 1 + n for all n > 0. By Corollary Ol ^N{Wi) = Wi is Z- 
graded with homogeneous components (adA^)"(Mj) of degree —n — 1. Moreover, 
Vi = J^^rtN^Wi) by the proof of (1), and hence njv(Wi) = ©"=o(^*)"'^i since 
^N{Wi) is irreducible. In particular, Mj = {N*)^^Vi. These equations imply the 
remaining claims of (2). □ 

Remark 8.10. Theorem 18.91 still holds if we replace the canonical pairing in the 
definition of by any dual pairing ( , ) : B{N*) © B{N) — )■ k satisfying 

dH - dZZD and (llfnD. 

The definition of the Weyl groupoid of a Nichols algebra of a semisimple 
Yetter-Drinfeld module over H is based on |AHS10l Thm. 3.12], see also [AHSlOt 
Sect. 3.5] and |HSTdt Thm. 6.10, Sect. 5]. To see that Theorem 18.91 can be con- 
sidered as an alternative approach to the definition of the Weyl groupoid, we 
introduce some notations. 

Let 6' > 1 be a natural number. Let J-e denote the class of all families 
M = (Ml, . . . , Mg), where Mi, . . . , Mg G finite-dimensional irreducible 

Yetter-Drinfeld modules. If M G J-^, we define 



For families M, M' e J^e, we write M = M', if Mj = Mj in §yV for all j. 

For 1 < i < 6' and M G J-'q, we say that the i-th reflection Ri{M) is defined 
if for all j ^ i there is a natural number mfj > such that (adMj)'^'j i^j) 

is a non-zero finite-dimensional subspace of B{M), and (adMj)"^'^ """^(Mj) = 0. 
Assume that Ri{M) is defined. Then we set Ri{M) = (Vi, . . . , Vg), where 



B{M) = B{Mi®---®Mg). 
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For all J ^ i, let aff = -mfj . By |AHS10l Lemma 3.22], (af/) with = 2 for 
all i is a generalized Cartan matrix. 

The next Corollary follows from a restatement of Theorem 18.91 Thus we obtain 
a new proof of [AHSlOt Thm. 3.12(2)] which allows to define the Weyl groupoid 
of M G JS. 

Corollary 8.11. |AHS10l Thm. 3.12(2)] Let M e J^e, and 1 < t < 6. Assume 
that R^{M) IS defined. Then Ri{M) e Te, R\{M) is defined, Rf{M) ^ M, and 
af^ = aj^*') for all l<j<e. 

In the situation of the last Corollary, let K;^^ = B{MY°'^^^^^^ with respect to 
the projection B{M) -> B{Mi). Then 

Kfi^B{Mi) = B{M) 

by bosonization, and 

n{K^)i^B{M*) = B{Ri{M)) 

by Theorem 18. 9[ 
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